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ABSTRACT

The impact of periodic pulsation normal to the flow passage on the heat and momentum transport is studied using direct numerical
simulations. The selected test case is the fully developed supersonic turbulent flow at Reynolds numbers Reb ¼ qbU bd=lwall ¼ 3000 and
6000 and Mach numberMcl ¼ Ucl=ccl � 1:5, bounded by isothermal walls. The pulsation is introduced by imposing a time-periodic uniform
body-force in the spanwise directions, mimicking two acoustic drivers placed on the side-walls that are operating with a 180� phase
difference. Results indicate that the spanwise pulsation at a moderate forcing amplitude, with the spanwise velocity oscillation amplitude eWcl

� 12% of bulk streamwise velocity or eWþ
cl ¼ eWcl=us � 2, can create about 8% reduction in the Nusselt number (Nu), as well as in the skin

friction coefficient (Cf), if applied at the optimal pulsation period Tþ ¼Tu2s=�wall within [173, 346], where T ¼ 2p=xf . The excitation
outside this band fails to achieve such high levels of modulations in heat and momentum transport processes near the walls. Visualizing the
instantaneous temperature field reveals a periodic tilting of the near-wall turbulent structures that is translated into a decay in the energy of
the streamwise vortices and an increase in the mean spanwise distance of such structures. The effect of the excitation on reducing the turbu-
lent heat flux and Reynolds shear stress is studied, and the resulting streaming temperature and velocity profiles are discussed.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0037078

I. INTRODUCTION

The present study focuses on the physical processes underlying
the pulsating turbulent boundary layers. The potential application of
the findings provides a novel technique to modulate the flow and
reduce the convective heat transfer. Hence, this technology may fur-
ther increase the maximum allowable incoming flow temperature of
future thermal system components, therefore improving the perfor-
mance of the entire system. To this aim, we apply the period pulsation
normal to the flow, in the spanwise direction (i.e., z-direction in Fig. 1),
and characterize its effect on the heat and momentum transport. This
mechanism is expected to reduce the heat transfer and drag, as it shares
similarities with the Spanwise Wall Oscillation (SWO) mechanism,
which has been studied extensively for drag reduction in low-speed
flows.

Jung et al.1 introduced the spanwise wall oscillation for drag con-
trol and found an optimal oscillation period of Tþ ¼Tu2s=� ¼ 100
for drag reduction in an incompressible channel flow. Laadhari and
co-workers2 conducted a series of experiments and observed a reduced

velocity gradient near the oscillating wall. Thereafter, the Choi,
DeBisschop, and Clayton3 experiment reported a sustained drag
reduction using this technique. Since then, there has been an abun-
dance of numerical and experimental research on the drag reduction
using SWO in incompressible flows. The most notable findings are
summarized by Karniadakis and Choi4 and Quadrio.5 Recently, Yao
and Hussain6 performed direct numerical simulations (DNSs) to study
the drag reduction using the spanwise wall oscillation in a supersonic
turbulent channel flow and proposed scaling relations to connect the
compressible and incompressible cases.

Although the spanwise wall oscillation has shown encouraging
results in theory, implementing such a technique in most engineering
systems is not practical. Several alternative mechanisms have been
proposed to mimic this process without requiring an oscillating wall.
Berger et al.7 numerically evaluated the application of Lorenz force to
create a small flow motion, adjacent to the wall, and Breuer, Park, and
Henoch8 experimentally investigated this idea and achieved 10% drag
reduction. The efficiency of this technique is particularly very poor
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(�0.01%), mainly because of low electrical conductivity of the fluid,
making it infeasible in most aerothermal applications. Jukes and co-
workers9 experimentally created an oscillating forcing near the wall via
plasma actuators and Ricco and Hahn10 numerically explored using
small rotating discs flush-mounted on the horizontal walls, and both
demonstrated a drag reduction in low-speed channel flows.

Another configuration Jung et al.1 and Akhavan et al.11 numeri-
cally studied involves an oscillating cross flow, with the amplitude as
high as 80% of the streamwise flow-rate, in a turbulent channel flow,
and it showed up to 40% drag reduction at the optimal specific oscilla-
tion frequency. Decreasing the amplitude of cross flow oscillation to
the half reduced the drag reduction by a factor of four. Recently,
Cannata, Cafiero, and Iuso12 used an array of synthetic jets mounted
on the vertical wall to apply an oscillating forcing normal to the flow
and also allowed for a variation in the streamwise direction. They
observed a skin friction reduction up to 20% in a fully developed low-
speed turbulent channel flow. Therefore, implementing an oscillating
pressure gradient in the spanwise direction seems to give equally
promising results, as the SWO, while offering the much needed flexi-
bility for practical aerothermal applications.

For instance, one can exploit the high-amplitude pulsations that
exist intrinsically in the flow,13 for example, in turbocharger turbines14

at specific frequencies depending on the engine rotation speed15 and a
Rotating Detonation Combustor (RDC)16 downstream in a gas tur-
bines plant, or it can be generated externally, for example, via sirens17

or synthetic jets.12

In this study, we use DNSs to investigate applying a periodic forc-
ing perpendicular to a supersonic turbulent flow and demonstrate a
reduction in heat transfer and skin friction. The uniform forcing is
applied to the entire volume of the fluid in the spanwise direction
(z-direction in Fig. 1), while keeping the walls fixed, creating an oscilla-
tory motion superimposed on the background turbulent flow. We par-
ticularly focus on moderate levels of pulsation where the amplitude of
oscillating spanwise velocity at the channel center is eWcl � 12%
of bulk streamwise velocity or eWþ

cl ¼ eWcl=us � 2:0� 2:2, where
us ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
swall=qwall

p
. This is inspired by Quadrio and Ricco18 who

showed this range of amplitude of wall oscillation velocity delivers the
maximum net gain in terms of drag reduction, in an incompressible
channel flow, while requiring a minimal input power. Moreover, this
condition is considered to avoid very large oscillation amplitudes that
may not be achieved effectively in practice.

Morkovin’s hypothesis suggests that, in non-hypersonic bound-
ary layers, the coupling between the pressure and thermal fields pri-
marily occurs through mean variations of temperature, density, and
viscosity.19 Several transformations have been proposed to remove this
coupling and explain the flow field inside a compressible boundary

layer using observations corresponding to the incompressible
flows.20,21 Van Driest’s transformation provides an accurate descrip-
tion of a compressible boundary layer’s velocity profile over an adia-
batic wall.22 Trettel and Larsson23 derived a semi-local scaling that can
be applied accurately to the isothermal wall conditions. More recently,
Volpiani et al.24 proposed a new transformation to collapse the veloc-
ity profiles at different Mach numbers using a data-driven approach.
In this research, we only focus on one Mach number, and therefore,
applying such transformation may not be necessary. We invite the
readers to consider collapsing the results of different flow conditions
with the suggested transformations.

II. PROBLEM FORMULATION

The proposed test case to explore the effect of spanwise excita-
tion on a supersonic turbulent flow comprises repeating identical
units of length Lx. Each unit includes a duct with an array of pulsat-
ing sources mounted on both side-walls operated 180� out of phase.
A schematic view of this setup is shown in Fig. 1. Thanks to the
geometrical periodicity, only one unit needs to be simulated, and
the periodic boundary conditions are imposed in the streamwise
direction. Complexities arising from the boundary layer formed on
the side-walls are avoided by limiting the scope of the present study
to the mid-span region and implementing the periodic boundary
condition in the spanwise direction. Therefore, the simplified com-
putational setup includes two parallel plates of length Lx and width
Lz separated by distance 2d. The effect of pulsating sources is mod-
eled with an external forcing as follows:

~ff ðx; tÞ ¼ Af sinðxf tÞ êz; (1)

where Af indicates the forcing amplitude and xf is the excitation fre-
quency. Because the drivers operate out of phase, the forcing only has
one spanwise component. It is assumed that all points along the span-
wise direction instantly feel the perturbations. This is possible due to
the negligible “mean Mach number” in the spanwise direction.

III. NUMERICAL METHOD

Continuity, momentum, and energy equations for compressible
flows in the Cartesian coordinate system read

@q
@t
þ @

@xj
ðqujÞ ¼ 0;

@

@t
ðquiÞ þ

@

@xj
ðquiujÞ ¼ �

@p
@xi
þ 1
Re

@

@xj
ðsijÞ þ fi;

@E
@t
þ @

@xj
ðE þ pÞuj
� �

¼ 1
Re

@

@xj
k
@T
@xj

 !
þ 1
Re

@

@xk
sjkujð Þ þ fiui;

(2)

where (x1, x2, x3) or (x, y, z) represent the streamwise, wall-normal,
and spanwise directions. The viscous stress tensor (sij) and total energy
(E) are

sij ¼ l
@ui
@xj
þ @uj
@xi
� 2
3
@uk
@xk

dij

 !
;

E ¼ p
c� 1

þ 1
2
quiui;

(3)

FIG. 1. Proposed setup to study the acoustic excitation in the spanwise direction.
Acoustic drivers are active in the entire shaded area modeled via the forcing func-
tion of form (1).
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where the dynamic viscosity follows the exponential form
l=lwall ¼ T=Twallð Þ0:7. Wall temperature, T�wall, speed of sound and
molecular viscosity at wall temperature, c�wall and l�wall, bulk density q�b ,
and channel half-width d� are taken as the reference values for temper-
ature, velocity, viscosity, density, and length scales, respectively. The
equation of state, therefore, takes the form p ¼ qT/c. This non-
dimensionalization is adopted following the work of Coleman, Kim,
and Moser.25

The term fi on the right side of Eq. (2) represents a volume force,
and fiui corresponds to the work applied on the flow by this force.
At each time-step, the bulk velocity, Ub, is determined by Ub

¼
Ð
V�

qudV�=
Ð
V�

qdV�, where V�represents the entire volume of the chan-
nel. The volume forcing, f1, is added uniformly to the entire domain if
Ub deviates from the target value, Ub,target, in order to keep Ub, and
consequently, the mass flow-rate, constant. In all cases studied here,
Ub,target ¼ 1.5. This procedure is commonly followed for simulation of
turbulent channel flows.25–28 In the spanwise direction, the term f3 is
equal to the external forcing function defined in (1), while f2 remains
zero at all time.

A sixth-order compact finite difference method based on a stag-
gered grid arrangement, proposed by Nagarajan, Lele, and Ferziger,29

is used for spatial discretization of the above-mentioned equations,
and the time-advancement is carried out via a third-order
Runge–Kutta method. The grid is uniform in the x- and z-direction,
while in the y-direction, it follows y ¼ 1 þ tanh(ag)/tanh(a), where a
¼ 2.5 and g is the uniform distribution 2[�1, 1]. Metrics are calcu-
lated using the same spatial discretization.30 This solver has been pre-
viously validated for the supersonic channel flow configuration in our
previous publication,28 and results are in good agreement with the ref-
erence data reported by Coleman, Kim, and Moser25 in both first- and
second-order turbulent statistics.

IV. RESULTS

We perform DNS of fully developed turbulent supersonic flow
within isothermal walls at Mach numbers Mcl ¼ Ucl=ccl ¼ 1:49 and

1.47 and Reynolds numbers Reb ¼ qbU bd=lwall ¼ 3000 and 6000,
respectively. This working condition corresponds to a heat exchanger
with a channel of 2 cm height. The total absolute pressure upstream is
4.5 kPa (for Reb¼ 3000) and 9 kPa (for Reb¼ 6000). The temperature
ratio between the hot flow and colder walls is 1.94; in all the simula-
tions, the walls are kept isothermal at 300 K. The computational
domain has the size X: Lx � Ly � Lz ¼ 4pd � 2d � 1.5pd, which is
discretized using Nx � Ny � Nz ¼ 144 � 128 � 96 grid points, in the
low-Reynolds cases (cases A0 to A7). This corresponds to the resolu-
tion ðDxþ;Dyþmin;Dz

þÞ � ð19; 0:24; 10:7Þ based on wall units where
ðÞþ ¼ ðÞus=�wall, and the reference variables are calculated in the
unexcited case. Simulations are performed at seven different pulsation
frequencies, chosen such that the resulting Stokes layer thickness falls
at different heights of the channel. A detailed description of these sim-
ulations is reported in Table I, cases A0 to A7. Simulations F0 and F1
with finer grids, using 1.5 times more grid points in each direction, are
performed to ensure the results are independent of grid sizes. Time-
averaged skin friction and heat flux show minimal deviation from A0
and A3 cases, respectively. The instantaneous flow fields, with the finer
grid, are used for more precise visualization of the near-wall
structures.

In the high-Reynolds number configuration, cases R0 to R3, a
grid of size Nx � Ny � Nz ¼ 288 � 256 � 192 has been adopted,
which yields the resolution ðDxþ;Dyþmin;Dz

þÞ � ð17:69; 0:22; 9; 97Þ.
Table I summarizes the simulation parameters and the associated
Stokes boundary layer thickness where ds ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�wall=xf

p
, as well as its

corresponding non-dimensional form dþs ¼ dsus=�wall in wall units.
As shown earlier, in all the cases studied in this manuscript, the ampli-
tude of the spanwise velocity pulsations is kept approximately constant
resulting in a dimensionless spanwise velocity amplitude of eWþ

cl
� 2:0–2:2 at the channel center.

Three simulations, namely, A0, F0, and R0, do not include
spanwise forcing and serve as the reference unexcited solutions. Time-
averaged streamwise velocity, density, and temperature, spatially
averaged in the streamwise and spanwise directions for these cases, are

TABLE I. Simulation parameters for the acoustic excitation normal to the flow in the spanwise direction for a supersonic chan-
nel flow at Mcl ¼ 1.49 and 1.47.

Case Reb Af T ¼ 2p=xf Nx � Ny � Nz dþs ¼ dsus=�wall

A0 3000 0 … 144 � 128 � 96 …
A1 3000 0.20 5 144 � 128 � 96 5.2
A2 3000 0.10 10 144 � 128 � 96 7.4
A3 3000 0.05 20 144 � 128 � 96 10.5
A4 3000 0.025 40 144 � 128 � 96 14.8
A5 3000 0.0125 80 144 � 128 � 96 21.0
A6 3000 0.0083 120 144 � 128 � 96 25.7
A7 3000 0.0062 160 144 � 128 � 96 29.7
F0 3000 0 … 216 � 192 � 144 …
F1 3000 0.05 20 216 � 192 � 144 10.5
R0 6000 0 … 288 � 256 � 192 …
R1 6000 0.20 5 288 � 256 � 192 6.91
R2 6000 0.10 10 288 � 256 � 192 9.8
R3 6000 0.05 20 288 � 256 � 192 13.8
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plotted in Fig. 2, along with the profiles reported by Coleman, Kim,
and Moser25 (at Reb¼ 3000 andMcl¼ 1.49) for comparison.

Comparing A0, F0, and R0 cases against the acoustically excited
simulations helps isolate the effect of the perturbation on the flow.
Simulations in each of the A, F, and R category are initialized with the
same flow field obtained from the base flow calculations. All other
parameters, including the time-step size and grid distribution, are kept
similar.

A. Temporal evolution of perturbations

Since the boundary layer excitation is applied via imposing an
external forcing introduced in Eq. (1), monitoring the resulting span-
wise velocity perturbations, dw¼ wexcited� wunexcited, can give a better
understanding on how this forcing is translated into sensible flow
quantities. Figure 3 (right column) indicates the history of the spatially
averaged spanwise velocity perturbations at the channel center, yþ

� 215. In all these cases, the velocity perturbation amplitude starts
with oscillatory, yet purely positive, values and eventually decays to
oscillations around zero in the limit-cycle, after about t � 480. Wave-
height (min-to-max value) in each case is reported in Fig. 3 (right),
which, owing to the condition AfT ¼ 1, lies 2[0.318, 0.356].
Therefore, in all A1 to A7 cases, the amplitude of the spanwise pulsa-
tion is approximately constant, and the Stokes layer thickness is the
only variable.

To analyze the effect of the prescribed excitation on the heat and
momentum transport near the solid boundaries, two parameters,
Thermal Enhancement Factor (TEF) and Shear Enhancement Factor
(SEF), are introduced in order to measure the instantaneous changes
in the skin friction coefficient and heat flux28 as follows:

SEF ¼
Cf ;excited

Cf ;unexcited
and TEF ¼ Nuexcited

Nuunexcited
; (4)

where

Cf ¼
l @U
@y jwall

0:5qU2
b

and Nu ¼
@
@y T � Twallð Þjwall
Tb � Twallð Þ=d :

The history of these two quantities is plotted in Fig. 3 (left
column).

In Fig. 3 (right column), dw is calculated at the channel center,
where the viscous effect is minimal. The acceleration due to the span-
wise pulsations during the first half of the period is wholly reversed
during the second half. By contrast, the enhancement factors are a
function of “shear stress” and “heat flux” compared to the unexcited
profile, which are directed by the non-linear interaction between the
“oscillating Stokes layer” and the “background turbulent structures”
near the walls. Therefore, the enhancement factors exhibit a somewhat
chaotic pattern, as in Fig. 3 (left).

Since the SEF and TEF remain equal over the entire duration of
simulations, we conclude that, in this range of frequency and ampli-
tude of excitation, there is a strong linear relationship between the heat
and momentum transport in the boundary layer, suggesting that the
Reynolds Analogy holds valid. Although not shown here, by increasing
the amplitude, especially in low-frequency cases, such as A6 and A7,
SEF and TEF begin to depart.31

At t¼ 480, all cases are at an identical phase, and considering the
history of spanwise velocity perturbations, the transient regime ends
before this instant. Therefore, this instance is selected to start the time-
integration, which continues up to t ¼ 960 where all cases again arrive
at the same phase. If the time-integration begins later, the changes in
TEF and SEF will be minimal, provided that a similar procedure is
followed.

Time-averaged TEF is reported on each plot of Fig. 3 (left).
The highest heat transfer reduction is achieved in A2 and A3 where
T ¼ 10 and 20, resulting in 8% reduction of Nu as a result of span-
wise acoustic excitation. According to Jung et al.1 the excitation period
can be non-dimensionalized with Tþ ¼Tu2s=�, and its optimal
value for drag reduction in an incompressible channel is Tþ ¼ 100.
This quantity in A2 and A3 cases is, respectively, Tþ

A2 � 173 and
Tþ

A3 � 346 where � is calculated at the wall. The difference is due to
the non-uniform temperature and density profiles along the channel
height seen in Fig. 2.

Taking f þ ¼ 1=Tþ, the time-averaged Nusselt number for this
type of flow, at Reb¼ 3000, can be approximated via

Nu ¼ Nuunexcited 1� 0:0011
ffiffiffiffiffi
f þ

p
f þ � 49:35

ffiffiffiffiffi
f þ

p
þ 790

 !
: (5)

The comparison between the DNS and approximated results is shown
in Fig. 4.

The power required for the spanwise pulsation is calculated using

Ppulsation ¼
LxLz
tf � ti

ðtf
ti

ðLy
0
f tð Þ � w y; tð Þ dydt; (6)

where ti and tf represent the starting and final instance of time-
integration. The amount of power saved through skin friction

FIG. 2. Time-averaged streamwise velocity (left), density, and temperature (right)
profiles for the unexcited cases at Reb ¼ 3000 and Mcl ¼ 1.49 (open circles from
Coleman, Kim, and Moser25 and solid lines from the current simulations), as well
as at Mcl ¼ 1.47 and Reb ¼ 6000 (dashed-lines). Results are spatially averaged in
the spanwise and streamwise directions.
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FIG. 3. History of the space-averaged TEF 4 (left) and spanwise velocity perturbations (dw) at the channel centers for cases A1: T ¼ 5 [(a) and (b)], A2: T ¼ 10 [(c) and
(d)], A3: T ¼ 20 [(e) and (f)] as the reference, A4: T ¼ 40 [(g) and (h)], A5:T ¼ 80 [(i) and (j)], A6: T ¼ 120 [(k) and (l)], and A7: T ¼ 160 [(m) and (n)] at Reb ¼ 3000
and Mcl ¼ 1.49. In all cases, the forcing amplitude is Af ¼ 1=T. The wave-height (min-to-max value) corresponding to each case is also denoted on each plot. Time-
averaged TEF taken during the limit-cycle oscillations is reported on all plots via a dashed-line (��), and the changes in this quantity due to excitation are printed on the
graphs.
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reduction and heat transfer abatement from both walls, respectively,
are determined as follows:

Psaved ¼
2UbLxLz
tf � ti

�
ðtf
ti

l
@U
@y

����
wall; excited

� l
@U
@y

����
wall; unexcited

 !
dt; (7)

_Qsaved ¼
2LxLz
tf � ti

�
ðtf
ti

k
@T
@y

����
wall; excited

� k
@T
@y

����
wall; unexcited

 !
dt: (8)

These parameters are non-dimensionalized via the power required
to maintain the constant mass flow-rate in the absence of any excitation:

Pflow ¼
2Ub LxLz
tf � ti

ðtf
ti

l
@U
@y

����
wall; unexcited

dt:

In the optimal configuration of A3, the power required to create
the spanwise pulsation, Ppulsation, is 8.7% of the power supplied to sustain
the mass flow-rate in the channel (Pflow), while the power saved as a
result of skin friction reduction, Psaved, is 9.4% and heat transfer abate-
ment, _Qsaved, is 14.6% of Pflow, therefore providing a net skin friction
reduction and a substantial net heat transfer reduction. By increasing the
excitation frequency, in case A2, which has the same TEF, Ppulsation is

34.5% of the main power supplied, while the skin friction reduction,
Psaved, is 9.1% and _Qsaved is 13.6% of Pflow. On the other hand, by
decreasing the excitation frequency, namely, in case A4, the required
power for pulsation reduces to about 1.5%, and the saved power becomes
Psaved 3.8% and _Qsaved 5:4% of Pflow. Hence, at a constant AfTf ¼ 1,
the efficiency improves by decreasing the pulsation frequency; however,
the total amount of drag and heat transfer reduction decreases.

B. Understanding the Stokes layer dynamics through
the phase-locked and time-averaged statistics

In order to better characterize the Stokes layer created by the
spanwise excitation, we decompose the instantaneous flow quantities
into the time-averaged, harmonic, and random terms as follows:

q x; tð Þ ¼ q xð Þ|ffl{zffl}
steady term

þ gq x; tð Þ|fflffl{zfflffl}
harmonic term

þ q0 x; tð Þ|fflfflffl{zfflfflffl}
random fluctuation

; (9)

where the harmonic term is found from the phase-locked averaging at
the excitation frequency (xf ¼ 2p=T) over N excitation cycles:

hqðx; tÞi ¼ 1
N þ 1

XN
n¼0

qðx; t þ nTÞ; (10)

where

gqðx; tÞ ¼ hqðx; tÞi � qðxÞ:

This formulation is employed to extract the harmonic component of
spanwise velocity in A1, A3, and A5 cases plotted in Fig. 5 at five
instances of one excitation period. The viscous penetration length
lvisc ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�wall=xf

p
, calculated based on the viscosity at the wall, is

also marked on the plots. This theoretical bound predicts the extent to
which the viscous effects are relevant in the high and medium fre-
quency cases. As displayed in Fig. 2, there is a large temperature gradi-
ent along the channel height, which results in an increase in the fluid
viscosity from the walls to the channel center. At low frequency
(T ¼ 80), where lvisc extends far into the channel core, the change of
� becomes more evident, and therefore, lvisc ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�wall=xf

p
only

marks the lower bound of the viscous penetration length. The span-
wise velocity perturbation near the Stokes layer thickness ds or lvisc/2p

FIG. 5. Phase-locked averaged spanwise velocity eW at five different instances of one period (T); excitation at (right) xf ¼ 2p/80, (middle) xf ¼ 2p/40, and (left) xf ¼ 2p/
20. The vertical dashed-line (- - - -) represents the viscous penetration length lvisc ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�wall=xf

p
; (�) shows the starting phase of a period, i.e., t=T ¼ 0=5,

(�) t=T ¼ 1=5, (�) t=T ¼ 2=5, (�) t=T ¼ 3=5, and (") t=T ¼ 4=5.

FIG. 4. Comparison between the approximated Nusselt number (Nu), via Eq. (5),
against the DNS results.
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overshoots the value at the channel core. This overshoot is most visible
in the high-frequency case (T ¼ 5) and becomes weaker as the excita-
tion period increases.

To better visualize the unsteady flow field, the space–time cor-
relations of the spatially averaged harmonic terms, specifically the
streamwise and spanwise velocity, as well as the harmonic tempera-
ture field, are plotted in Fig. 6. The vertical axis represents the wall-
normal coordinates (y), and the horizontal axis indicates the phase
of each time instance in the excitation cycle t=T. Results corre-
sponding to three excitation frequencies spanning T ¼ 10 to 80
are presented here. Red lines show the evolution of coherent pertur-
bation created near the walls in the streamwise velocity and temper-
ature, due to the spanwise pulsation. A strong coupling is observed
between these quantities; eW takes a simple sinusoidal form, with
the wavenumber k ¼ 1, in time. In accordance with Fig. 5’s observa-
tion, the viscous effects become more confined to the wall by
increasing the excitation frequency; a notably smaller dissipation ofeW is evident near the wall in high-frequency cases. The second row
of Fig. 6 represents the time evolution of harmonic streamwise
velocity eU . A pattern with the wavenumber k ¼ 2 can be clearly
found near the wall in T ¼ 10 and T ¼ 20, while in the low-
frequency case, the dominant wave number remains at k ¼ 1. The
magnitude of the streamwise velocity perturbations increases with a
decrease in the excitation frequency. It is also evident that the non-
linear interaction with the background turbulent flow is more pro-
nounced in the low-frequency case. Since the period of excitation in
this case, T ¼ 80, is significantly larger than the turbulent time-
scale, the turbulent mixing further dissipates these perturbations as
we near the channel core. The harmonic temperature component,

eT , has a similar behavior as eU in time, while the effect of pulsation
is more confined to the wall.

All the cases studied in this section are conducted at one Mach
and Reynolds number; consequently, non-dimensionalizing the statis-
tical flow quantities based on wall quantities (of the unexcited case)
reduces to linear scaling. To avoid over-complicating the presentation
of results, we have expressed the results based on the original non-
dimensionalization. However, the distance from the wall is shown by
yþ ¼ yus/�wall to compare the Stokes layer thickness, given in the
form of dimensional wall quantities in Table I, and the peak locations
of different statistical quantities.

Due to the spanwise pulsations, “wall shear stress” deviates
from the reference unexcited case and, subsequently, us;excited

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
swall; excited=qwall

p
takes different values in each case. Using us,excited

to calculate the viscous unit further complicates the representation of
the results and, therefore, is avoided here.

1. First-order statistics

Subjected to the prescribed perturbations, the acoustic streaming
appears in the flow that modifies the time-averaged velocity and tem-
perature field. This concept is defined as follows:

qst ¼ qexcited � qunexcited; (11)

where q represents a time-averaged quantity calculated during the
limit-cycle oscillations (where t> 480).

Figure 7 displays the streaming velocity components in the span-
wise and streamwise directions, as well as the streaming temperature
profile. All the considered cases result in a similar distribution of Ust

FIG. 6. Space–time correlation in the spanwise velocity, eW (top row), streamwise velocity, eU (middle row), and temperature, eT (bottom row), for three different excitation fre-
quencies, T ¼ 10 (first column),T ¼ 20 (second column), and T ¼ 80 (third column) at Reb ¼ 3000. Red lines show the evolution of coherent perturbation created in the
streamwise velocity and temperature, due to the spanwise pulsation.
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along the channel height; a non-zero streaming velocity appears near
the wall, opposite to the flow direction. In other words, Ust indicates
the streamwise velocity in the excited condition relative to the unex-
cited reference case. The negative value of this quantity does not
imply a reverse flow, but instead specifies how the flow in stream-
wise direction slows down due to the pulsations. The magnitude of
the streaming velocity, in all cases, decreases by approaching the
channel center and may take small positive values. The negative
peak’s magnitude in the Ust profiles experiences its optimal value at
the excitation period of T ¼ 20, corresponding to case A3. On the
other hand, by reducing the excitation frequency, the negative
peak’s location moves slightly toward the channel center. The inter-
play of these two factors determines the slope of Ust at the wall,
which in turn, indicates the drag reduction. This quantity takes
similar values in cases A2 and A3, as it can be verified from the SEF
in Fig. 3. Streaming temperature Tst also becomes negative near the
wall, implying the cooling effect of the excitation, and the peak’s
magnitude reaches the optimal value at T ¼ 20. In this case, the
peak’s location is much closer to the wall, which was also observed
in the harmonic temperature perturbations (comparing the second
and third row in Fig. 6). This can be attributed to the steeper near-
wall gradients observed in the unexcited mean flow temperature
profile compared to the mean streamwise velocity. The streaming
temperature profile near the channel center slightly increases by
reducing the excitation frequency. Interestingly, at low frequencies,
the excitation contributes to a more uniform heating of the flow
across the channel height.

In contrast with Ust and Tst, the spanwise component of the
streaming velocity, Wst, remains always positive, and the near-wall
gradient is generally one order of magnitude smaller than the slope of
Ust at the wall.

2. Second-order statistics

Streamwise, wall-normal, and spanwise normal Reynolds
stress terms at different pulsation periods, namely, T ¼ 5; 10; 20
and 120, are plotted in Fig. 8 (top). Profiles corresponding to the
unexcited case, as the reference values, are also reported with
dashed-lines. Given the level of eW , as in Fig. 5, we expect w0w0 to
undergo the most visible change due to the excitation; the peak
values in all cases are more than twice larger than the peak

observed in the unexcited configuration. By increasing the excita-
tion period, the peak’s location moves slightly toward the channel
center, as the Stokes layer (ds) thickens, as can be seen in Fig. 5.
The main parameter in controlling the near-wall turbulence is the
wall-normal stress, v0v0 , which, in this case, exhibits a significant
reduction as a result of the spanwise excitation. This effect is
translated into a reduction in u0v0 , specifically in its peak value,
which also implies a decline in the shear stress. In agreement with
the streaming velocity profiles (Fig. 7), as well as the skin friction
reduction (manifested as the less-than-unity SEF in Fig. 3), the
time statistics corresponding to the low-frequency case (for exam-
ple, at T ¼ 120) experiences a minimal deviation from that of the
unexcited configuration, and the optimal suppression of turbulent
production is achieved at T ¼ 10 and T ¼ 20. This process can
be attributed to the periodic re-alignment of the streamwise vorti-
ces and the near-wall streaks and disturbing the turbulence gener-
ation process discussed in Subsections III and IV. The impact of
the spanwise excitation on the streamwise velocity perturbations,
u0u0 , and temperature fluctuations, T 0T 0 , is similar; in both pro-
files, the peak’s value decays due to the excitation. The minimum
value is reached at T ¼ 10 and T ¼ 20, while the peak’s location
slightly moves toward the core. As such, there is a reduction in the
turbulent heat flux, T 0v0 . By tuning xf to the optimal range, an
effective “skin friction” and “heat transfer” reduction can be
achieved.

C. Turbulent kinetic energy and Reynolds shear stress
transport analysis

We study the transport equation for the turbulent kinetic energy
K ¼ fu00j u00j g=2, where { } represents the Favre-averaging (for a generic
quantity ff g ¼ qf =q and f ¼ { f } þ f 00), in order to further under-
stand the mechanism of decay in heat and momentum transfer due to
the spanwise pulsation. Following the work of Huang et al.32 and
Pirozzoli et al.,33 the transport equation is written as

@qk
@t
¼ �C þ P þ T þPþ Dþ D� qe; (12)

where

FIG. 7. Spatially averaged streaming velocity components in both streamwise (left) and spanwise (middle) directions along with the streaming temperature (right). Simulations
are performed at Reb ¼ 3000 and Mcl ¼ 1.49 subjected to the spanwise forcing of form (1) at AfT ¼ 1 A1: xf ¼ 2p/5 and Af ¼ 0.2 (�), A2: xf ¼ 2p/10 and Af ¼ 0.1 (�),
C1: xf ¼ 2p/20 and Af ¼ 0.05 (�), and A5: xf ¼ 2p/120 and Af ¼ 0.00834 (�).
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C ¼ @qfujgK
@xj

convection;

P ¼ �qfu00i u00j g
@fuig
@xj

production via mean velocity

gradients;

T ¼ � @

@xj
q
fu00i u00i u00j g

2
þ p0u0j

� �
turbulent transport;

P ¼ p0
@u0i
@xj

pressure dilatation;

M ¼ qu00i
@sij
@xj
� @q
@xi

 !
mass flux contribution due

to density fluctuations;

D ¼ @

@xj
s0iju
0
j

	 

viscous diffusion;

qe ¼ sij
@u0i
@xj

molecular dissipation;

where sij represents the instantaneous stress and x0ij is vorticity fluctu-
ations x0ij ¼ 1/2 (@u0i/@xj � @u0j/@xi). The dissipation term can be fur-
ther decomposed into a solenoidal, qes, and dilatational qed , as well as
an additional term, qei, to include the contribution of flow inhomoge-
neity. Figure 9 (left) illustrates the distribution of the right hand side
terms in Eq. (12), normalized by swallUb=d, as suggested by Huang
et al.32 in the wall-normal direction for the unexcited case (A0).
Convection (C), pressure dilatation (P), and the mass flux contribu-
tion due to density fluctuation (M) remain very small across the chan-
nel. The impact of spanwise excitation on these three terms is also
negligible and, therefore, not discussed here. The other terms at four
excitation frequencies are plotted on the right along with the unexcited
case (represented by a dashed-line) as the reference.

As a result of the spanwise excitation, turbulent kinetic energy
production via the gradients of the mean flow quantities decreases.

This can be seen in the form of a reduction in the peak of P. The larg-
est decay is achieved at T ¼ 10; 20, and the corresponding location
moves from yþ � 17.1 to �18.7. The energy produced in the buffer
layer is partially dissipated here, and the rest is transferred to the vis-
cous sub-layer and turned into heat there. This spatial re-distribution
of K is carried out through the turbulent transport T, which consists of
pressure–velocity fluctuation and velocity fluctuations, along with vis-
cous diffusion D. In response to the spanwise excitation, both of these
terms show a decay in their maximum values to account for the
decreased turbulent kinetic energy production, most visibly in cases
A1 and A2.

D. Near-wall turbulent structures

We use the instantaneous temperature field in order to identify
the near-wall turbulent structures. Figure 10 (top section) displays the
temperature fields near the bottom wall (at yþ � 5) in the excited
(case F1, xf ¼ 2p/20) and unexcited conditions (case F0) at four
instances of a period at Reb ¼ 3000. The unexcited case (top row)
shows a pack of low- and high-speed streamwise-oriented streaks, rep-
resenting the classical pattern of a low-Reynolds turbulent flow field
near the walls. Comparing the unexcited field against the spanwise
excited temperature field (bottom row) suggests that the pulsation
periodically disrupts the near-wall streaks by tilting them normal to
the flow direction. In the high-Reynolds configuration, at Reb ¼ 6000
(bottom section), a similar response to the spanwise pulsation is
observed; however, in some instances, the deflection appears to be
more pronounced compared to the low-Reynolds number configura-
tion. Overall, the density of the high-speed regions is visibly reduced
by the excitation in cases F0 and F1, while this is as not obvious as
when comparing the cases R0 and R3, suggesting that the former con-
figuration has been more successful in heat transfer reduction.

The alignment of these near-wall streaks and the “quasi-
streamwise” vortices (at yþ � 15) is critical for the self-sustained tur-
bulence generation.34 The optimal spanwise pulsation should be able

FIG. 8. Second-order turbulent statistics at Reb ¼ 3000 and Mcl ¼ 1.49 subjected to the spanwise excitation at AfT ¼ 1; unexcited case (- - - -), A1: xf ¼ 2p/5 and Af ¼
0.2 (�), A2: xf ¼ 2p/10 and Af ¼ 0.1 (�), A3: xf ¼ 2p/20 and Af ¼ 0.05 (�), and A6: xf ¼ 2p/120 and Af ¼ 0.00834 (�).
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to create a Stokes layer that effectively separates these two structures
and create a slight mismatch between them in order to suppress the
turbulence generation.35 In order to quantitatively characterize the
impact of the spanwise pulsation on the quasi-streamwise vortices, we

plot the pre-multiplied power spectra of the streamwise fluctuating
velocity, kzEuu, in the spanwise direction. Figure 11 displays this
parameter as a function of the dimensionless wall distance (yþ) and
spanwise wavelength (kþz ). The top and bottom row, respectively,

FIG. 9. Balance of turbulent kinetic energy K ¼ fu00j u00j g=2 budget, normalized by swallUb=d, at Reb ¼ 3000 and Mcl ¼ 1.49 at four different excitation periods. On the left, all
the RHS terms in Eq. (12) are plotted for the unexcited case to display the overall balance. On the right, the four significant terms, P, Et, D, and T, are shown. The insets mag-
nify the buffer layer where yþ 2 [5, 30]. Line color legend is similar to that in Fig. 8.

FIG. 10. Temperature fields near the bottom wall at yþ � 5 at four different instances of one period, from left to right: at t=T ¼ 0, t=T ¼ 1=4, t=T ¼ 2=4, and
t=T ¼ 3=4. The top section corresponds to the simulations performed at Reb ¼ 3000 and Mcl ¼ 1.49. The top row represents the unexcited case (case F0), and the bottom
row represent the excited case at Af ¼ 0.05 and T ¼ 20 (case F1). The bottom section is associated with the results of computations at Reb ¼ 6000 and Mcl ¼ 1.47. The
top row is the unexcited temperature field (R0), and the bottom is the outcome of the excitation at Af ¼ 0.05 and T ¼ 20 (R3). The edge of streaks, near the center of the
plane, is marked with dashed red lines. Red arrows are guides to observe the tilting of the structures.
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indicate the low and high-Reynolds number cases. The left columns
correspond to the unexcited configurations (cases F0 and R0), and the
right columns are the outcomes of the optimal excitation (cases F1
and R1). The contour values are normalized with respect to the max-
ima in the unexcited cases. The spanwise pulsation significantly
reduces the energy of the streamwise vortices.

This effect is clearly visible in the low-Reynolds number case,
which is consistent with the decay seen in turbulent kinetic energy
production P (see Fig. 9), as well as the subsequent decrease in turbu-
lent heat flux (T 0v0 ) and the overall heat transfer abatement (about 8%
seen in 4). The smaller P, moreover, results in a similar decrease in
Reynolds shear stress (u0v0 ) and the overall skin friction.

The vertical coordinate of the maximum energy indicates the
mean position of the streamwise vortices away from the wall, and the
horizontal coordinate shows the mean distance between two vortices
in the spanwise direction.36 As a result of the excitation, the

streamwise vortices are slightly moved toward the channel’s center.
This is seen in the peaks of P (in Fig. 9) and T 0T 0 and u0u0 (in Fig. 8).
The mean spanwise distance of these vortices also increases substan-
tially by about 60 wall units. Further analysis of one-dimensional pre-
multiplied streamwise spectra of velocity fluctuations kxEuu indicates
that the spanwise pulsation does not change the mean streamwise
spacing of near-wall large structures ðkþx Þ and their distance from the
wall and only slightly reduces the amplitude of the energy peaks.

In the high-Reynolds number configuration, the maximum value
of the streamwise vorticity still decays, due to the excitation, but to a
smaller degree compared the low-Reynolds number case. This suggests
a less effective reduction in the turbulent heat flux T 0v0 and Reynolds
shear stress u0v0 , as shown in Fig. 12 (left and middle). Although the
mean spanwise distance of the streamwise vortices increases substan-
tially, the mean vertical location remains nearly unchanged as a result
of the excitation.

FIG. 12. The effect of the Reynolds number on the first- and second-order turbulent statistics. The excited configuration (solid line, cases F1 and R1) and unexcited configura-
tions (- - - -, F0 and R0) are compared at two Reynolds numbers Reb ¼ 3000 (gray) and Reb ¼ 6000 (black). Reynolds shear stress u0v0 (left), turbulent heat flux T 0v0 (mid-
dle), and streaming temperature (right).

FIG. 11. Premultiplied energy spectrum of
the streamwise velocity fluctuation, kzEuu,
in terms of spanwise wavelength (kþz ) and
wall distance (yþ), dimensionless by wall
quantities, at Reb ¼ 3000 (top row) and
Reb ¼ 6000 (bottom row). The left column
is the unexcited (F0 and R0), and the right
column represents the excited case (F1
and R1). The contours are normalized
with the maximum value of the unexcited
cases. The location of the maximum value
is shown with �.
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Overall, the configuration studied at the high Reynolds number
delivers 4.5% heat transfer abatement, which is smaller than the low-
Reynolds case of about 8%. The decay in effectiveness of spanwise pul-
sation by increasing the Reynolds number is consistent with the results
of Ricco and Quadrio37 for the spanwise wall oscillations. This effect is
also reflected in the form of a smaller streaming temperature near the
wall, plotted in Fig. 12 (right).

V. CONCLUSIONS

We study the response of a supersonic turbulent flow to the span-
wise pulsation using a series of DNSs with the aim of heat transfer
reduction. We observe that the oscillations periodically divert the
near-wall turbulent structures in the spanwise direction and, therefore,
disrupt the self-sustained turbulence generation in this region. This
effect is characterized by a decay in the production term of turbulent
kinetic energy, as well as turbulent heat flux and Reynolds shear stress.
In this work, we only focus on the moderate levels of pulsation, where
the amplitude of spanwise velocity oscillation at the channel center iseWcl � 12% of bulk streamwise velocity or eWþ

cl � 2:0� 2:2. This
limit is placed in order to avoid configurations with unreasonably high
power requirements that dramatically degrade the efficiency of the
entire system. At constant eWcl , an optimal forcing frequency exists
that delivers the largest heat transfer abatement, about 8%, at Reb
¼ 3000. By increasing the Reynolds number to Reb ¼ 6000 at an
approximately constant eWcl and Mach number Mcl, the effectiveness
of the spanwise pulsation decays to about 4.5%.

In this paper, we studied the fundamental concept pertaining to
heat transfer abatement via pulsating transverse forces. Future studies
will focus on a parametric analysis over a wider range of Reynolds
numbers, Mach numbers, and forcing amplitudes to derive a generic
correlation for the Nusselt number for this flow configuration.
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NOMENCLATURE

( )00 turbulent fluctuations based on Favre-averaging
( )0 turbulent fluctuations based on Reynolds averaging
( )cl quantity at the channel center
( )excited flow quantity in the presence of spanwise pulsation
( )unexcited flow quantity in the unexcited case
( )wall quantity at the wallfð Þ harmonic term ¼ h i � ð Þ
ð Þ Reynolds averaging

ð Þst streaming quantity ¼ ð Þexcited � ð Þunexcited
{( )} Favre-averaging ¼ qð Þ=q
h i phase-locked averaging
Af pulsation amplitude
Euu power spectra of streamwise velocity fluctuations
~f f external force applied to the flow
kz wave number in the z-direction
lvisc viscous penetration length ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�wall=xf

p
Reb Reynolds number based on bulk velocity ¼ qbUbd/

lwall
Tþ dimensionless pulsation period based on wall quanti-

ties ¼Tu2s=�wall
T pulsation period ¼ 2p/xf

Ub bulk velocity ¼
Ð
V�

qudV�=
Ð
V�

qdV�
swall wall shear stress
us friction velocity ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
swall=�wall

p
Wþ dimensionless spanwise velocity based on wall quanti-

ties ¼W/us

yþ dimensionless wall-normal coordinate based on wall
quantities ¼ yus/�wall

d channel half-width
dþs dimensionless Stokes layer thickness on wall quantities

¼ ydsus/�wall
ds Stokes layer thickness ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�wall=xf

p
kþz spanwise wavelength made dimensionless by wall

quantities ¼ kzus/�wall
qb bulk density ¼ 1

V�

Ð
V�

qdV�
xf pulsation frequency
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