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ABSTRACT

The thermal transport in dielectric and semiconductor solids departs from classical diffusion when characteristic dimensions approach
phonon scattering lengths, producing mixed ballistic-diffusive behavior. Although effective conductivity is often correlated with the
Knudsen number (the ratio of scattering length to sample size), such formulations do not uniquely capture phonon backscattering or
provide a consistent definition for reformulating bulk properties outside the diffusive infinite sample size limit. In the scope of this work,
(i) the McKelvey-Shockley Flux Method (MSFM) is extended to decompose heat flux into ballistic and diffusive contributions, and (ii) a
mesoscale thermal law is derived to explicitly relate the effective thermal conductivity with ballistic thermal conductance, Knudsen
number, effective backscattering length, and bulk-like thermal conductivity. To identify the latter two parameters, we perform systematic
steady-state numerical experiments using a D3Q19 Lattice-Boltzmann-Peierls-Callaway (LBPC) model with separate relaxation channels
for normal and Umklapp scattering. From LBPC solutions, we extract an effective phonon mean free path (equivalent to backscattering
length) and a bulk-like thermal conductivity from thickness sweep regressions and use them to close the MSFM-based constitutive rela-
tions. These LBPC-extracted closure parameters are validated against existing theoretical modeling frameworks, as well as experimental
data from the literature on a range of different materials. The findings reflect quantitative consistency between MSFM and LBPC as inde-
pendent descriptors of ballistic—diffusive phonon transport, providing an opportunity to reduce the degrees of freedom in the model.
This self-consistent mesoscale description links microscopic scattering to macroscopic behavior and supports incorporating ballistic
effects into continuum models relevant to ultrafast heating, thermoelectrics, nanoelectronics, thermophones, and nanoscale information

storage.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0332327

. INTRODUCTION

Thermal transport in dielectric and semiconductor solids is
governed by phonons whose mean free paths (MFPs) can span
from nanometers to several micrometers, depending on
dispersion,' ™ material purity, and temperature.””” When a charac-
teristic system dimension becomes comparable to these MFPs, heat
transfer departs from classical diffusion and enters a regime of
partial ballistic propagation.'*™"” This transition is often character-
ized using the thermal Knudsen number, Kn, defined as the ratio of
a representative phonon scattering length to a characteristic system

length.'*”"” While Kn provides a useful measure of non-diffusive
effects, it alone cannot capture the combined influence of geometry,
boundary scattering, and the concurrent action of normal (N) and
Umbklapp (U) phonon scattering processes that govern mesoscale
heat transport.'' "

This gap becomes most evident in two complementary
scaling scenarios—nanoscale structures where local equilibrium
fails, and macroscale samples of long MFP that remain inherently
non-diffusive. For conventional materials such as silicon, germa-
nium, and insulating dielectrics, reducing characteristic dimen-
sions to the nanometer scale leads to a breakdown of local thermal
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equilibrium. As a result, strong size effects arise, including appar-
ent reductions in thermal conductivity and the emergence of
boundary temperature discontinuities.””*""** Classical continuum
descriptions such as Fourier’s law,” the Cattaneo-Vernotte (CV)
equation,”””” the dual-phase-lag (DPL) model,”® and the Guyer—
Krumhansl (GK) formulation®”** rely on local or near-equilibrium
assumptions. Although these models successfully describe the
behavior in bulk limits, they do not provide a unified representa-
tion of ballistic, hydrodynamic, and diffusive transport in the
mesoscale regime when both N- and U-scattering coexist.''~'” At
the same time, novel materials (such as diamond, high-quality
silicon,'*'® graphene,17—19’29_31 graphite, carbon nanotubes,””
single-chain polymers,”™** superlattices,””*”™*" and amorphous
metals)**"” exhibit large phonon MFPs extending from microme-
ters to millimeters.”'’~">”"~>" Consequently, even macroscale
samples of these materials operate in the ballistic—diffusive regime,
where interface scattering and nonlocal effects strongly influence
heat flow and can dominate the effective thermal conductivity.”*
This results in sample length dependent heat fluxes”” and thermal
conductivities,' >~ 10076

In these circumstances, the thermal properties inferred from
diffusive-limit concepts become misleading.”” *® In reality, the
heat conduction depends on resistive scattering lengths, the
strength of normal scattering, sample geometry, and boundary
conditions. Discrepancies among analytical models become most
pronounced in cases when (i) the thermal Kn is large, (ii) temper-
ature gradients are sharp,”™*® (iii) heating/excitation timescales
approach phonon relaxation times, and (iv) the heat flux
approaches the Casimir limit due to a significant ballistic
contribution.™’

To address heat transport in this intermediate regime, a range
of numerical approaches have been developed, including first-
principles Boltzmann transport calculations coupled with density
functional theory,”)’;"(")’m molecular dynamics simulations,”'~"*
Monte Carlo solvers of the phonon Boltzmann equation,”””” and
finite-volume formulations of phonon radiative transport.””® A
computationally efficient alternative is the Lattice-Boltzmann-
Peierls-Callaway ~ (LBPC) method, which discretizes the
Boltzmann-Peierls—Callaway equation "* and incorporates normal
and Umklapp scattering through  separate relaxation
channels.”>*"* LBPC has been successfully applied to second
sound, mesoscale size effects, hydrodynamic phonon flow, Kapitza
resistance, and phonon MFP spectrum reconstruction®™"” while
maintaining the computational efficiency characteristic of lattice
Boltzmann solvers.”*™"

Despite these advances, a fundamental difficulty remains:
outside the diffusive regime, there is no widely accepted definition
of an effective phonon MFP or a corresponding bulk thermal con-
ductivity that remains valid across different geometries and boun-
dary conditions. When the sample length approaches or falls
below the resistive scattering length, effective transport properties
become controlled by a combination of intrinsic phonon scatter-
ing, boundary interactions, and the relative contributions of ballis-
tic and diffusive heat flow.'>”"*%*">** This ambiguity
complicates modeling and interpretation in applications ranging
from ultrafast laser heating” " and thermoelectric energy
conversion®"' /71?7 to nanoelectronics thermal
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management, and nanoscale infor-
mation storage.

The McKelvey-Shockley Flux Method (MSEM)''*~'** provides
a compact flux-based framework for phonon transport by express-
ing heat flow in terms of forward- and backward-propagating
energy carriers.””>"°""?"'* In jts general form, the MSFM
applies to both transient and steady-state conditions; however, the
formulation considered here is restricted to steady-state transport.
The MSEM naturally yields directional heat fluxes and boundary
temperature-jump conditions, but it does not, by itself, provide a
closed analytical expression for the effective backscattering length
and the related effective thermal conductivity in the ballistic-diffu-
sive regime or specify how transmitted (ballistic) and backscattered
(diffusive) phonon fluxes combine.'' ™"’

In this work, the MSFM is extended to derive an analytical
decomposition of the total heat flux and to establish a mesoscale
thermal law (effective thermal conductivity) that extends the
dependency beyond the Knudsen number to an effective backscat-
tering length, and a bulk-like thermal conductivity. These quanti-
ties can be shown to arise naturally within the MSFM formulation
but cannot be determined from it alone. To identify them, we
perform systematic steady-state “mathematical experiments” using
a D3Q19 LBPC model.”’"*® By varying the sample thickness and
ballistic—diffusive mixing parameter for a set of materials (each
with its own phonon dispersion, i.e., heat capacity), the LBPC sim-
ulations generate temperature fields and heat fluxes over a range of
mesoscale conditions. From the collapse of all simulations into a
unified mapping, the effective thermal conductivity is derived,
from which an effective phonon MFP and a bulk-like thermal con-
ductivity are extracted and used to close the MSFM relations. The
main contribution is an MSFM-LBPC closure workflow to
provide an internally consistent mesoscale framework in which the
MSEM provides the analytical structure of ballistic-diffusive trans-
port, while LBPC supplies the transport parameters required to
determine scattering lengths, internal transmission and reflection
fractions, and boundary temperature jumps, thereby reducing the
degrees of freedom in the model.

thermophones,
116,117

Il. THEORY AND APPROACH

This section summarizes the analytical framework used to
interpret mesoscale heat transport within the MSFM and the
LBPC formulation of the Boltzmann transport equation (BTE).
Full derivations and supporting expressions are provided in
supplementary material A: MODELS. Here, we present the essen-
tial working equations, definitions, and modeling assumptions
used in both the analytical MSFM predictions and the numerical
LBPC simulations.

A. MSFM formulation

In the MSFM,''®~'** a constitutive relation is formulated for
one-dimensional mesoscale heat transfer analysis;””™*" further
details are given in Eqgs. (A2)-(A38) in the supplementary
material. Within the MSFM two-flux closure, the local tempera-
ture parameterizes the local equilibrium distribution, which estab-
lishes a direct and transparent connection between the heat flux
and the temperature and its gradient. A key feature of the MSFM
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is that each boundary injects phonon flux into the material. The
left boundary at y = y; injects a forward phonon flux,

D(e)v?
S (T ), (1)

Ff (v, ©) = nf (v, 6)% =

and the right boundary at y = yp injects a backward phonon flux,

B ~ v; D(e )v
Fy(yr> €) = ng(yr, 6)7 = S8E(Tr; €), (2)

where T; and Ty are the constant temperatures of the surround-
ings associated with the left and right boundaries, respectively.
The factor 1/2 accounts for the probability of propagation in
either the positive or negative direction. v is the rms phonon
speed along the y direction at the reference temperature Ty. The
term n(T, €) = D(€)fsp(T, €) is total phonon between ¢ and
€+de, where e=hvk/2n is the phonon energy,
D(e) = 12n€2/h3v§ is the density of states (DOS) of phonon,
fee(T, €) = 1/[e%T — 1] is the Bose—Einstein distribution (equi-
librium) at temperature T, h is Planck’s constant, v, is the phonon
speed (magnitude of group velocity), k is the magnitude of the
phonon wave vector, and kg is the Boltzmann constant. Inside the
material, the forward and backward phonon fluxes

X
FE(y, ¢) = [D(e) el } For(T*, ©) 3)

propagate and undergo backscattering.

The corresponding directional heat fluxes g*(y, T*) are
obtained by multiplying the phonon fluxes with the phonon
energy and integrating over the entire phonon momentum space,

4053

q @, T*) = Joo €FE(y, ©)de = (T*) , (4)
0

Vg

where asg = 7°k}/(5h31?) is the Stefun Boltzmann constant. The
forward and backward freat fluxes q" (y, t) and q (y, t) evolve
according to*

109" E 9t q and L 109~ 9q”
vy ot oy Ay Ay vy ot Oy

:—q—+q7 5)

Here, Ay = 7,¥) is the backscattering length, where the backscat-
tering time 7, is treated as independent of temperature and the fre-
quency of external excitation, as assumed in the gray
approximation.'”’

It is important to note that Eq. (5) may be applied to each
boundary temperature independently. For example, if Tr= T,
then the left boundary temperature T} generates both forward and
backward flux components, with g* > g~, leading to a positive net
heat flux g=q" — q~. Conversely, if T; = Ty, then the right boun-
dary temperature Ty induces q* <q , producing a negative net
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heat flux. Thus, each boundary temperature generates both direc-
tional components, and the net heat flux is always g=q" —¢q . In
contrast, the total phonon density is direction independent and
governed only by the local temperature, which can be obtained as
the average of the directional temperatures, T = (Tt+T7)/2.
Therefore, when two or more boundary temperatures are pre-
scribed, a consistent relation must be established between the
directional fluxes g* and the directional temperatures T*, which
represent both the phonon density and the directional phonon
populations.

However, Eq. (5) alone does not yield g* directly from the
specified temperatures T;, Tk, and Ty, because heat fluxes and
temperatures are related through the ballistic thermal conductance
G,. Specifically, g* = GoT*, 6q" = G, 6T*, where G, is the ballistic
thermal conductance per unit area, corresponding to a ballistic
thermal resistance Ry = 1/(AGy). The associated ballistic conduc-
tivity is ko= GoL,. Since Gy is a quantum limit of phonon heat
transport, it is independent of the sample length. Accordingly, in
the ballistic regime, effective thermal conductivity satisfies kg
— ko< L,. In the opposite limit, when bulk scattering dominates,
kegr approaches the asymptotic diffusive conductivity ko, which is
independent of system size. Thus, the heat-transport regime transi-
tions smoothly from ballistic to diffusive as the mixing parameters
of Umklapp (4y) and normal (4y) processes, the Umklapp MFP
Ay, and the domain thickness L, vary. These scattering mixing
parameters, Ay and Ay, are re-introduced and defined later in the
LBPC formulation.

Nevertheless, Eq. (5) can be solved numerically by using
boundary injected heat fluxes (g and g at temperatures T, and
Tg, respectively) and reference heat flux of g.,. The conversion
from g to T is done by using

q* = GT*5 9" (y = y1) = 4/ =Go T,
q (y =yr) = qg=GoTg and (6)

a3, To) = geq(y> To) = a55Ty = GoTo,

where Gy = (v /2)1605p TS /vg. Similar expressions can be obtained
for the forward/backward deviatoric heat fluxes dq"=g" —qo
and temperatures JT"=T"—T, with a conversion factor
6T*=69%/Gy. Knowing solutions of T*, the net/total heat flux is
obtained by g=q" — g~ = Go(T*" — T") and the local energy density
can be found through e= (q++q_)/v;“:CV(T++T‘)/2 =CyT,
with Gy = Cyv}/2 and Cy = de/dT = 16055 T;/v, being the spe-
cific heat capacity of the material. Note that all subsequent equations,
in this MSFM, could use terms either the standard form
(T*, Ty, Tyr) or deviatoric form (6T, 8Ty, 0Tyr). If terms
(6T, 8Ty, dTyr) are used in the subsequent equations, the expres-
sion of net heat flux g=3dq"—dq = Gy(d0T" =T ) =Gy(T" = T")
remains unaffected; however, local energy density has a
deviatoric part de = (dg*+dq7)/vf =Cy(0T*+dT")/2 = CyoT
from the equilibrium energy density e,=CyT, with
CV = doe/doT = 16GSBT8/Vg-

2G:9€:0T 9202 AInc Lz
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The fluxes g* and g~ can be expressed in terms of e and q as
follows:

2q+:v;e + g and quzv;re —q. (7)

The above equation will be used to determine BCs for T or T
because of the known temperatures T;, and Ty applied on the left
and right walls, respectively. Subtraction and addition of terms in
Eq. (5) yields energy balance,

de O
e 0q_

and the flux law

Ay 0q Gy oT

R
2vf ot 2 Oy

)

for heat transfer in the MSFM. Here, CVAbv; /2 = ke is thermal
conductivity (traditionally ke = CVAUvg/?))S’(’5 of the material,
Apvy/2 =Dy is the phonon diffusivity (traditionally
Dy =2 Ayvg/3), Ap/2vi=1q is thermal relaxation time (tradition-
ally 7q = 47y/3), and V+:1/Dph/TQ = g/2 is the thermal speed
(traditionally v;rzvg/ 3 for CV, DPL, and GK).”*° Vi =vg/2 gives
the actual value of Gy = Cyvg/4, and the traditional value of
Ap = 4Ay/3™"" produces koo = GoAy = CyAyvy/3.”"" Note that
Eq. (9) relates the driving force ¢* — g~ for drift with the driving
force —koo (0T/0y) for diffusion.

At steady state, the equations can be reduced to the following
expressions:

dq dar
d—y—Oandq——kwd—y, (10)
which gives us g # g(y), yielding the following:
dg*(y) _dqg () ¢q Ty
a0 = d =T A an a0y =0. (11)

As qg#q(y) at the steady state, Eq. (10) is used to find the drift
heat flux g=gq* — g~ via

q= Go(T+—T_) = —GorATb, (12)

where AT, =Tr— Ty and I' = Ay/[Ap + L,] is the internal trans-
mission fraction. Note that the heat flux g is quite different from
the heat flux —koo(OT/0y) due to the fact that q vanishes as I' — 0
(diffusive limit, L, > Ay); however, 0T/0y does not. The tempera-
ture distribution T is given as

(y —yo)AT, _r

— Ym)AT,
()’ Y ) b
L)’

T(y) = Tt R
) =T + L+ A,

, (13)

where R =1—T = L,/[L, + A] is the internal reflection fraction,
Ty = (T + Tr)/2, and y,, = (y. + yr)/2. The solution, in Eq.
(13), is obtained upon use of d*T(y)/dy* =0 subjected to the
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jump boundary temperatures.

T+ T T, T, AT,
T(y) =Tp = 7(”) + 1700 =02- F)—L S it ==t and
2 2 2 2
T+ + T T, T AT,
T(}’R)=TM=M=FTL+(2—F)TR=TR—FTZJ,

(14)

which are being derived from steady-state solutions of q* at
boundaries. One can solve d*T(y)/dy* = 0 from Eq. (10) to get the
same solution of T(y), as given in Eq. (13), by using the jump BCs
as follows:

e (‘;—T> T = Ty and 2 (g) +Tlr)
'y y=yL 'y V=IR

= TR, (15)

without exact expressions of T(y;) and T(ygr), in contrast to
Eq. (14). The jump BCs, in Eq. (15), are derived from expressions
given in Eq. (7) after the substitution of e=CyT to form
q= —(CVAbv}T/2)(dT/dy) with relations qu:CVv;“TL and
Zq,;:CVV;rTR. Note that Eq. (15) provides the jump BC form
required to embed mesoscale effects into continuum solvers
(Fourier and the transient CV/DPL frameworks). At steady state,
CV/DPL reduce to Fourier as 0/0t vanishes and reduces to
Eq. (10), making these formulations analogous to one another and
to Fourier model with energy conservation. The corresponding
temperature  gradient (dT/dy) and diffusion heat flux
q = —ke(dT/dy) can be calculated from the following expressions:

dar AT, AT,
S — R=andq= —koR=1. (16)
dy L, L,

Both the temperature gradient and diffusion heat flux vanish as
R—0 (ballistic limit, L,<Ap); however, the drift heat flux
q=Gy(T" — T") = —GoI'AT,, does not.

The quantities appearing in Egs. (12)-(16) depend on two
internal fractions, transmission I', and reflection R, which must be
defined for carriers within the material (such as for phonons in
crystalline solids). Then, the MSFM flux law can be written in a
form that separates gradient-driven and backscattering-related
contributions; this is a decomposition of the same net flux, not
two independent transport channels. Based on these observations
and the analysis in Refs. 65-67, the present work extends the
description of the total heat flux g, receiving contributions from
diffusive and ballistic transport,

AT, AT,
qa = —kooRL—b 3qy=q— qa = —koFL—b=>q=qb+qd
y Y
AT,
= — (kR + ko) =2 (17)
L)’

The total heat flux g can be normalized based on the maximum
heat flux (g,,) available in the system for pure ballistic transport
(I'=1) analogous to the radiation heat transfer case and calculated
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from the Casimir limit” as
am = g —qg=0s5 (T} — Tx) = —GoAT}. (18)

The effective thermal conductivity (k.s) can be obtained, by
using the quasi-static relation,

AT
q=—kei—, (19)

L

and comparison with Eq. (17) gives

kooLy + koAb kpunLy

kett = koo R + koI’ = = ,
eff 0 Ah—I—Ly Ab—I—Ly

(20)

where kpyi = koo + GoAp is the bulk-like thermal conductivity in
diffusive-ballistic heat transport. Equation (20) recovers both the
diffusive (L,>> A) and the ballistic (L, < A) limits. Note that
Eq. (20) provides a compact closed form for the thickness depen-
dent effective conductivity that recovers the expected asymptotes:
in the diffusive limit keg — kpu and in the ballistic limit k. — Go.
L,. This expression is most naturally interpreted as a finite-size
backscattering (jump/attenuation) correction to a bulk-like con-
ductivity (which can serve as a new reference for material charac-
terization), and it should not be interpreted as the parallel
addition of independent heat transfer channels. Rearranging
Eq. (20), one can obtain

11 AL
ket Kpu  Kpux Ly

@1

Note that two distinct quantities k., and GpA, coexist in ballistic—
diffusive mesoscale heat transfer models, unlike the classical
representations resulting in ke, = GoAp = CVAUvg/.%.65 It is also
important to point out that the vastly used A, = 4Ay/3™'*” value
is not valid for the diffusive-ballistic crossover. Therefore, the
current MSFM formulation presents the need for re-evaluating the
validity of some relationships in mesoscale heat transfer, such as
Cy Go=Cyvg/4, Ay (as Ap # 4Ay/3 in general), ko (as
koo # GoAp = CyAyvg/3 in general), ko=GoL,, and kyu = Keo-
+ GoAp. Therefore, the present work uses the LBP framework to
formulate relationships empirically for these parameters.

B. LBPC formulation

In the present work, the LBPC solution method is based on
the approach introduced in Refs. 79-84. The BPC equation

0 o o _f:f,eq _fg fl'},eq _fa
(& + Vi - V,)f (t,r,k) = - + - (22)

describes the polarized single phonon nonequilibrium distribution
f°(t, , k). The relaxation time 7y represents scattering processes
that conserve energy but degrade crystal momentum—Umklapp
events, boundary scattering, and impurity scattering (U-processes).
Conversely, 7y represents the normal three-phonon interactions
conserving both energy and momentum (N-processes). Both
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relaxation times and the group velocity depend on phonon
branch, polarization, dispersion relation, and temperature.
The corresponding discrete (D3Q19) LBPC formulation is

7 (r +ciAt, t+ %At) =f(r, t)

8
= (1= — A7 + Anf3
+ /1U ,',i]eq) (23)

where f7 is updated every c/vg = c(1 + 0)/vg = (1 + 0) time steps
choosing ¢ =v,. Equation (23) addresses the directional polarized
single phonon nonequilibrium distribution f with mixing param-
eters Anu) = cAt/tnjuvy = Ax/Anqu). Here, ¢ is the unit speed
(representing the speed of sound) and Ax is the lattice spacing in
the lattice Boltzmann method (LBM) (corresponding physically to
a characteristic crystal spacing). Then, At is the average time
required for a phonon to travel between lattice sites. vy is the
polarized group velocity of phonons, defined as v; = v4/(1 + o),
where v, is the intrinsic group velocity or speed o% sound in the
medium and o represents the polarization of phonons (0 for longi-
tudinal acoustic and 1 for transverse acoustic). This formulation
consists of two independent steps in LBM: (i) collision

J7 ==y =207 + NN+ Aufly (24)

and (ii) streaming

fr <r + GAL t+ iAt) =f (1), (25)
vﬂ'

8

respectively. The spatial resolution of the LBM, Ax, is constrained
to be less than or equal to the phonon MFP Ayp, ie.,
Ax < Anu) = vgrnqu), thus limiting Ay < 1. To avoid the over-
damping of f7, the value of the parameter 1 — Ay — Ay > 0 must be
maintained and kept close to zero to prevent anisotropic heat wave
propagation from lattice point sources and to ensure coarser spa-
tiotemporal resolution of temperature.”” As c=v, (LBM speed is
equal to the magnitude of the intrinsic phonon group velocity in
the region), a newly defined combined mixing parameter can be
defined as A, = Ax/A, = cAt/vgrc = Ay +4Ay. We choose the
spatial discretization of LBM as Ax = cAt= A, so we have the tem-
poral discretization At = v77./c, which also makes the relation
1 — Ay — Ay =0 true. Therefore, one must choose Ay (indicates the
diffusion transport by means of U-processes at the lattice level)
and calculate Ax=1-/y (indicates the ballistic transport by
means of N-processes) for LBPC simulations.

After streaming, the local equilibrium distribution is approxi-
mated linearly from the global equilibrium distribution function,
subjected to local disturbances of macroscopic collision invariants
as assumed in LBM. Global thermal equilibrium is established at
all lattice sites with an initial temperature T, and drift velocity
uy = 0, resulting in the phonon Planck distribution function [as
given in Eq. (A47) in the supplementary material]. The local equi-
librium distribution at (r, t) can be approximated to the first order

J. Appl. Phys. 140, 045103 (2026); doi: 10.1063/5.0332327
Published under an exclusive license by AIP Publishing

140, 045103-5

2G:9€:0T 9202 AInc Lz


https://doi.org/10.60893/figshare.jap.c.8574542
https://pubs.aip.org/aip/jap

Journal of
Applied Physics

of the global equilibrium perturbation [as given in Eqs. (A48) and
(A49) in the supplementary material for the weighted Planck dis-
tribution f7;;? and the weighted displaced Planck distribution f37,
respectively],  subjected to  temperature  perturbations
0= (T — Ty)/Ty and the phonon drift velocity @ = (u — ug)/vg
from T, and u,. The Taylor series expansions of equilibrium dis-
tributions are provided in Egs. (A50) and (A51) in the
supplementary material about #=0 and u = 0.

Once f7 is determined, the macroscopic quantities such as
energy density E (in dimensions of [n,kgT,], J/m?), momentum
density P (in dimensions of [n,kpTo/vg], N s/m®), and heat flux Q
(in dimensions of [vgn,kzTo], W/m?) are computed using

E(r,t) =Y elf7(r, 1), P(r,t) = > _pif7(r, 1) and Q(r, 1)

=Q"(r, ) + Q'(r, 1), (26)

where QP =} . vielf7 = véPpre is the pre-collision heat flux
and Q" =" . v%el ff*’” = ng* is the post-collision heat flux. The
calculations for 5 and u must precede the collision step to deter-
mine f;;? and £\, for which the conservation laws for the local
collision invariants are applied,

O(r, t) = E(r ) = M, and u(r, t) = P(r, ) — V(1)

MZ M3
where My =3, /o] A7, My = —f, 3, (€0) 0B,
V= Za,i pj o] (A7 — Byc7B7O) Zg,i P?ﬂf{fq and

M; = —fe Zn,i ofBip] - e;.

, @

C. Domain and BCs

Using this LBPC formulation, a series of mathematical exper-
iments are designed to determine the effective thermal conductiv-
ity over a range of mixing parameters and sample thicknesses.
This strategy enables a controlled transition from the macroscale
(diffusive) to the mesoscale (ballistic-diffusive) regime by varying
only the scattering parameters and the domain thickness—without
modifying the underlying LBM code.

We consider an insulator or semiconductor solid, as shown
in Fig. 1, bounded by x; <x <xg, yp <y < yr, and z; <z < zg, and
where the lateral dimensions in the x and z directions are assumed
to be much larger than the length in the y direction,

Li=xp—x;, L, =2zp — 21, Ly = yp — y1, and L, < (Ly, L;).

Therefore, we kept L, =3Ax and L, = 3Az for all simulations while
applying periodic BCs in these directions (see Fig. 1) so that heat
transfer is effectively one-dimensional and confined to the y direc-
tion, free from lateral wall effects. To match LBPC results with the
real physics, the boundaries are treated by a jump condition, upon
considering only Umklapp phonon scattering locally with constant
temperatures T, and Tp, respectively.”” Therefore, we do not need
to specify any additional BCs in the y direction.

As  the mixing parameters are  defined by
N = AdAnu, AT = AV H AL with Ax=Ay=Az=A,
imposed by the LBM selection, LBPC simulations encode the
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Periodic BCs
in x:
T(x=0") = T(x=L,")
T(x=L,) = T(x=0")

in z:
T(z=0") = T(z=L,")
1(z=L,) = T(z=0)

T(v=y,)=T, = 300K

% = L. varies from 4 to 800

FIG. 1. Schematic of the numerical LBPC domain with boundary and initial
conditions.

combined relaxation time 77! = 7! + 15!, Ac = vy, At =1, by
selecting appropriate 7y and 7y, while the LBM streaming speed
has been set to ¢ = v,.
Given the mixing parameter 1y, the MFP of the U-process
(Ay = tyvy) and the thermal Knudsen number
(Kn = Ay/L, = 1/AyL,) are then known. In LBPC formulation, the
value of Ay, controls the relative contribution of heat transfer mecha-
nism and therefore shifts the solution from the diffusive to the bal-
listic limit. In the present LBPC parameterization, the control knob
is 1/Ay (equivalently Kn as defined here). The U-dominated diffu-
sive limit corresponds to Ay — 1 (i.e., 1/Ay — 1, Ay — 0), for which
the effective attenuation length becomes negligible, and the conduc-
tivity is thickness independent. The ballistic limit corresponds to
Au— 0 (ie., 1/Ay — 0o, Ay — 1), for which the effective attenuation
length approaches the U-process scattering length and the effective
conductivity scales linearly with thickness. When 0 <Ay <Ay<1, it
is a ballistic-diffusive process as it gives 0<Ay=A.<AN<Ay
0<At=1.<ty<ty,and 0 < L,/Ay = 1/Kn < o0,

D. Assumptions

The MSFM formulation assumes 1D transport along the longi-
tudinal y direction (with no gradients along the two other direc-
tions), forming a thin film domain consistent with the two-flux
description. In the current formulation, the problem is treated as
the steady state in the closed form of k.{(L,) and with a jump BC.
The backscattering is represented as a single characteristic length
according to gray approximation (A, analogous to A later), rather
than a full spectral collision operator; and accordingly, single effec-
tive speed (rms speed/group velocity) is utilized at a reference tem-
perature. A degeneracy factor is used to represent the branch/
polarization resolution. Jump conditions are used to embed meso-
scale effects into the continuum form of the jump BCs.
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Then, in order to provide the closure parameters (backscat-
tering length/effective MFP and bulk-like conductivity) to the
MSEM, the LBPC is used under the following assumptions. For a
given mixing parameter combination, the dispersion/heat capacity
is kept constant for all sample thicknesses, which implies that the
dependence on length scale arises from finite-size/backscattering
effects. Moreover, at the boundaries, momentum-destroying scat-
tering is only represented through the adopted U-processes.

E. Design of experiments

In the mathematical experiment, the initial (reference) tem-
perature is assumed uniform, T, =300 K, throughout the domain.
A temperature rise is imposed at the right boundary y = yr such
that Tr=600K> Ty, while the left boundary at y =y, is held at
T, =T, Fig. 1. The material type is selected by taking one of the
four combinations of longitudinal acoustic and optical phonon
energies, €, and €2, given in Table I. The phonon energy parame-
ters, acoustic €7 and optical €, are expressed nondimensionally as
multiples of kzT,=25.8 meV. These energies define the material’s
dispersion characteristics (see Refs. 1-4 and 65 for information on
phonon dispersion relations) and establish a direct correlation to
the specific heat capacity of the material. A fixed value of the
mixing parameter Ay is used to introduce ballistic diffusive nature
for a sample thickness L,=LAy. A set of 16 values of Ay: 1.0, 0.5,
0.25, 0.20, 0.125, 0.1, 0.0625, 0.05, 0.04, 0.02, 0.01, 0.008, 0.004,
0.002, 0.00125, 0 are tested for each of the 14 values of L.: 4, 5, 6,
7, 8, 10, 16, 20, 25, 50, 100, 200, 500, 800. Each combination of Ay,
L, and energy pair (9, €)) free variables provides a simulation
point in the multidimensional mathematical experiment grid
(16 x 14 x4 =2896). Then, the steady-state temperature and heat
flux fields are obtained, facilitating to determine the effective con-
ductivity and subsequently used to extract the phonon MFP and
bulk-like thermal conductivity.

F. Parameter estimation

Identification of the MSFM parameters in LBPC formulation
starts with ballistic thermal transport when Ay =0, for which the
maximum steady-state heat flux Q,, is given in Eq. (18) (Casimir
limit") and the ballistic thermal conductance per unit area, Gy
[in dimension of (vgn,kg) W/m?K], is calculated using

Vgl’lpkB T()

- : t
0y To

AT, QX

= Gball X Vgl’lpkB

Qym
= Gpal = %b . (28)

TABLE |. Description of test sample material type with phonon energy/dispersion
relations.

€a(ksTo) € (ks To)
Sample 1 0.53595 1.0
Sample 2 0.93595 1.0
Sample 3 1.53595 2.0
Sample 4 1.927 2.0

ARTICLE pubs.aip.org/aip/jap

Note that all our calculations consider 6,=1, which yields
del:(2%m~

The classical or quasi-static relationship between heat flux (¢)
and temperature gradient (VT) is used to calculate the dimension-
less conductivity k [in units of (vyAyn,kg), W/mK] from the fol-
lowing expression:

o L, vghpkp ToL Ay
kee = |4(r, 1)| % A_Th =Q, X TTO
L
=k x vgAynykp = k = Q; 9
b

Thus, once Q, is known, the effective conductivity (keg) is
obtained from k = Q,L./6, based on the selected combination of
free variables. The effective thermal conductivity k approaches its
bulk-like value kippc as the Knudsen number Kn = 1/AyL, tends
to zero. In the LBPC framework, for a given 7y, k increases pro-
portionally with the sample thickness L, and converges to ki ppc as
L, — co. Importantly, k;gpc need not equal the diffusive-limit bulk
conductivity kg;s, even when the transport appears predominantly
diffusive.

For the LBPC framework, an effective conductivity expression
analogous to Eq. (20) can be written for a given film thickness L,,

kigpcL
===, (30)
/\eﬁ +’17
where A is the effective MFP. Rearranging Eq. (30) yields the fol-
lowing linear relation:

11 Aef 1 (31)
k  kigec  kispc Ly’

Thus, for fixed 7y a series of conductivity measurements obtained
by varying only L, allow 1/kigpc and A to be extracted from the
intercept of the 1/k vs 1/L, fit at 1/L, — 0 and the
slope-to-intercept ratio, respectively. When L, > A.g; the conduc-
tivity approaches the diffusive asymptote, k = kqigr = kpppc, and it is
independent of sample thickness L,. When L, < A the conduc-
tivity is in the ballistic limit and grows linearly with thickness,
Aeff_> AU and kLBPC i GballAU) resulting in k— kball = GballLy!
consistent ~with the absence of momentum-destroying
U-processes. At finite L,/Ac, when the ballistic-diffusive trans-
port processes both contribute.

G. Error estimation and convergence

The LBPC solver is a discrete-velocity LBM formulation for
which drift is represented by exact streaming on the lattice and
scattering is represented by relaxation toward prescribed equilib-
rium. The relevant numerical uncertainty is not the stochastic
sampling error, but rather associated with discretization, boundary
implementation, and parameter identification from finite-
thickness data.

For sufficiently smooth fields and away from boundaries, the
Chapman-Enskog consistency of LBM implies second-order accu-
racy in space and time for the recovered moments under diffusive
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scaling, provided the chosen velocity set supplies the required isot-
ropy of lower order moments. Consequently, in steady one-
dimensional conduction, the leading truncation error in interior
heat flux and temperature scales as O(Ax%) [and, with At Ax,
also O(AP)], implying that discretization-driven deviations in Q,
and inferred k decrease approximately as O(L_?). Therefore, the
dominant discretization uncertainty is controlled by lattice resolu-
tion relative to the imposed gradients and boundary layer thick-
ness (1/2 grid in the study).

In the present D3Q19 LBPC scheme, as the lattice spacing
and time step are tied to the selected characteristic relaxation
scales through Ax=Ay=Az= A, and At =17, (with streaming speed
c=v,), Ax and At are part of the physical mapping of the model
rather than freely tunable numerical parameters. Therefore, “grid
refinement” can be interpreted as a controlled change in lattice

109

1071 s
102
107 -
g 10%] RRY
g 10-5 L oeeeees /}lfrror o
1 =
® 100 | ;K" 1Ay=10
7 D lmu=25
107} 100
10°8 S 1au=2s0
F A 1/Ay=800
10—9 v 1/)\IU=lnfy ) . .
100 10! 10% 10° 10* 10°

Qerror(t/A[)

10°

t/At

FIG. 2. Residuals of (a) temperature and (b) heat flux with time steps t/At for
sample size L, = 100Ay, considering a range of mixing parameters.
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TABLE |lI. Predictive holdout accuracy and extraction-window sensitivity for effec-
tive thermal conductivity and closure parameter estimations.

i/ (10°) e (1070 1079
10 3.09 1.04 3.50
25 2.50 1.51 2.80
100 1.58 14.5 17.8
250 3.26 17.4 18.4

resolution relative to the imposed scattering scales, and in this
case, the value is set to 1, the lowest limit of the lattice size.

Therefore, the residual error is quantified using (i) steady-
state convergence diagnostics (residual/stopping criteria and
spatial uniformity of the steady heat flux), and (ii) the sensitivity
of the extracted closure parameters to the thickness subset
(“window”) used in the 1/k — 1/L, regression.

At a sample size of L, =100Ay, the steady-state convergence
error accounting for the maximum difference in heat flux
Q = Q,/Qy,;m and temperature & between two successive time steps
is estimated for a range of 1/Ay by selective tolerance to the stop-
ping criterion, Fig. 2. Some entries are treated as zero, as the con-
vergence is achieved within the 64-bit double precision value. As
t/IAt — 10°, it can be seen that all the cases converged to non-
dimensional residuals below O(107°). Similar observations can be
made for all L,.

To characterize the sensitivity of the extracted closure param-
eters to the thickness subset, we define a holdout protocol and a
window-sensitivity metric. For a given sample dataset with a fixed
mixing parameter, we split the available thicknesses L, into a fit
set Lg and a disjoint test set Lieqr. Using only Lg, we perform the
linear regression implied by Eq. (31). In this case, the fit set is
Lg = {5, 10, 20, 50, 200, 800}, and then, Eq. (30) is used to
predict k(L,) over the held-out thicknesses
Liest =14, 6,7, 8, 16, 25, 100, 500}. The corresponding closure
parameters are then obtained from the regression coefficients,
where the prediction accuracy is quantified over the test set Lieg
using mean relative error, €.

We also quantify the sensitivity of the extracted closure
parameters to the thickness window used in the regression by
repeating the fit over multiple thickness subsets (“windows”) w,
yielding parameter pairs (k{spc, Aly). Here, we consider four
windows: (i) the full thickness set (total 14 values for L,), (ii)
excluding the smallest two L,, (iii) excluding the largest two L,
and (iv) six intermediate values of L,. A compact robustness
measure is analyzing the max difference across the windows, non-
dimensionalized by the mean values, Akippc/kippc and
AN/ At , respectively.

For sample 1 across a range of mixing parameters, Table II
reports the mean relative uncertainty in conductivity prediction, as
well as windowing uncertainties in closure parameters. It can be
seen that the level of error is bounded by O(107°).

lll. RESULTS

In this section, we discuss the approach to recover the MSFM
closure parameters of effective thermal conductivity, bulk-like
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thermal conductivity, effective mean free path, and ballistic
thermal conductance from LBPC simulations considering the
entirety of the mathematical experiment grid. The results are por-
trayed for sample 1 material type; however, for the interest of the
reader the full dataset is available in supplementary material B:
DETAILED DATA. At the end of the results, a comprehensive
analytical solution to the steady-state heat conduction problem is
presented to demonstrate the effects of ballistic transport in
samples smaller than the phonon scattering MFP. It is shown that
the steady-state temperature profile (analytical expression) can
accurately predict the heat flux upon using the proposed bulk-like
thermal conductivity closure rather than the conventional conduc-
tivity based on the kinetic theory of phonon gas.

A. Estimation of Gp,; and Cy, from Q,,

For all the LBPC simulations conducted, the highest heat flux
values were consistently observed for the pure ballistic limit
(Ay=0) of each material type and independent of the sample size.
In particular, the maximum heat flux (Q,,,) values attained are
20.48, 17.86, 13.16, and 10.37 for samples 1-4, respectively.
Normalizing by the nondimensional temperature to attain Gy,
and charting with respect to phonon energy €}, an inverse rela-
tionship can be observed in Figs. 3(a) and 3(c) consistent with
Eq. (28). Similarly, C,v4 can also be charted as a function of e&,
displayed as an inverse correlation in Fig. 3(b). When fitted with a
linear regression, Gy.y and C,v, can be estimated as

C,v.
Gpal = bl(l — dlfoA)vgnpkB = Tg and C, = 4b1(1 - dlfoA)npkB,
(32)

with b; =24.55, d, =0.3, and C, is the specific heat of the material
in then LBPC context. Then, Cy = C,T, will be the exact conver-
sion to the real Cy parameter.

B. Steady-state distributions of 6 and Q,

The temperature and heat flux values are also derived
directly from the numerical simulations using the input parame-
ters specified in the design of experiments (see Fig. B-1 in the
supplementary material for all four samples). For a thickness of
L,=100Ay of sample type 1, Fig. 4 displays the steady-state dis-
tributions of the dimensionless temperature # and heat flux
Qy(r, £)/Qym. It should be noted that the flux value also varies
depending on the sample type, despite identical temperature dis-
tributions (shown in Fig. B-1 in the supplementary material), as
the variation in thermal diffusivity is determined solely by the
reciprocal of the phonon MFP (1/Ay), while the heat flux is
influenced by both thermal diffusivity and specific heat capacity,
which depends on phonon energy. In reality, the heat flux is also
size dependent and inversely proportional to the sample thick-
ness (not shown here for brevity). Hence, the thermal conduc-
tivity can be determined by utilizing the steady-state heat flux
value in relation to the parameter 1/Ay and the sample
thickness.
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FIG. 3. Ballistic conductance (a) Gpai and (b) C,vq as a function of phonon
energy for all considered material types.

C. Measurements of k from Q, data

For sample 1 with varying characteristics of 1/4y and sample
thickness (L,), Fig. 5 portrays the steady state Q, and calculated k.
(For all four samples, the comprehensive dataset is presented in
Figs. B-2 and B-3 in the supplementary material.) The flux is pro-
portional to 1/4y and inversely proportional to the sample thick-
ness, as indicated by a straight line with a negative slope on the
log-log representation. The value of k is heavily influenced by the
thickness of the samples, particularly for higher values of 1/1y,
indicating that the sample thicknesses are significantly smaller
than the scattering length of the U-process and the boundary scat-
tering impact on the transport property. For smaller values of 1/
Au» the system exhibits bulk behavior, and the sample thicknesses
exceed the scattering length of the U-process. These results are
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FIG. 4. Steady state distributions of (a) temperature and (b) heat flux of mate-
rial type sample 1 for a size of L,=100Ay, considering a range of mixing
parameters.

consistent with the experimental and simulated observations from
the literature.'>**~71-797%2

D. Estimation of A¢¢ and kigpc from 1/kvs 1/L,
regression

For an imposed pair of mixing parameters of a chosen
sample type, the procedure to determine A.g and kyppc involves
fitting Eq. (31) with the observed values of k vs L, When 1/
Au=16, all sample types 1-4 are observed to have the same effec-
tive MFP, collapsing to Acg/Ay = 14.52 (see Fig. B-4 in the
supplementary material for all four types of materials individu-
ally). It is true that Ay is a valid and convenient definition of the
phonon MFP based on the BPC equation via relation Ay = ryvg.
However, due to the discrete time domain of the LBPC
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FIG. 5. (a) Steady-state heat fluxes and (b) calculated thermal conductivity of
material type sample 1, considering a range of sample size and mixing
parameters.

formulation, Ay becomes obsolete for small 7y /At. In contrast, the
effective momentum-relaxation (or attenuation) length is repre-
sented by A.g for the LBPC formulation. Along these lines, these
materials exhibit distinct bulk thermal conductivity values due to
their different phonon dispersion relations.

Across a wide range of 1/Ay values for the four sample types,
Fig. 6 charts (a) phonon MFPs A /Ay and (b) bulk thermal con-
ductivities k;ppc (see Table B-I in the supplementary material for the
individual values). In Fig. 6(a), Ag decreases significantly at 1/Ay =1,
leading to an overestimation of the phonon MFP by Ay, as 7y
approaches At. A.s becomes negligible when U-processes dominate
over N-processes and boundary scattering; nevertheless, most phonon
modes (or the MFP spectrum) primarily determine the non-zero
bulk thermal conductivity. On the contrary, the high value of 1/iy
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indicates that there is an increase in normal phonon scattering, as the
effective MFP A approaches the bulk MFP Ay, and consequently,
the effective thermal conductivity becomes strongly dependent on
A In contrast to the portrayed independence of Ag/Ay to the
sample type [Fig. 6(a)], the lines of bulk-like thermal conductivity vs
the mixing parameter 1/Ay present different slopes for the various
phonon energy pairs [Fig. 6(b)], attributed to the changes in the vol-
umetric specific heat capacity of the materials.

E. Models of Aq, kispc, and k for mesoscale systems

Figure 7(a) charts the data points for Ay against 1/4y, where
the linear fit is approximated as

. 1
Aeff = g —1.01 Ay~ | ——1]Ay=(1—-2y)Ay. (33)
Ly Ay
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FIG. 7. For all considered material types, linear fit of (a) effective mean free
path and (b) bulk-like thermal conductivity as a function of mixing parameter.

In the case of kygpc as a function of 1/1y, the values are nor-
malized with respect to the reference kippc ;, representing the dif-
fusive limit (1y=1) for a given sample type, Fig. 7(b). Then, the
linear fit can be approximated as

1
kigpc = {1 +a <— - lﬂ coAyvgn,ks,
Au

a
kigpc = A—[O] kigec,1; a0 = Ay + a(l — Ay),

(34)

where a=1.79 ~ 9/5, which is the same as obtained in the GK
model for pure phonon transport.”®

From Eq. (34), it can be seen that ki gpc,1 = coAyvgn, ks and
corresponds to numerical values of 11.13, 9.71, 7.14, and 5.65 for
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samples 1-4, respectively, which is charted in Fig. 8 as a function
of €3 and Gp. Then, the linear fit can be approximated as

gcvvg _ GranAy (35)
T 4

kispc1 = bz (1 — daed ) vAynpky = T

where b, =13.34 and d, = 0.3. Comparing the results from this dif-
fusive limit fitted expression with respect to the ballistic limit fits
in Eq. (32), it can be seen that the forms of the equation are iden-
tical with a factor of Ay/a, with the observation that
by, = bi/a =0.54b; and d,=d,. Therefore, to model bulk-like
thermal conductivity, krppc, Eqs. (34) and (35) can be used with a
known specific heat C, and the factor 1/a, which is now observed
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FIG. 8. For all considered material types, models of bulk-like thermal conduc-
tivity in the diffusive limit as a function of (a) energy of the phonon and (b) bal-
listic thermal conductance.
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to represent the effects of additional spatial dimensions, geometry,
and shape.
The final of k; ppc can now be given as

a
kispc = ;0 GraiAv = boGhanl Aus (36)

where by = ap/a = Ayla + (1 — Ay) = 0.544y + (1 — Ay). The pre-
scribed function kyppc closely resembles the bulk thermal conduc-
tivity Kpune as defined in the MSFM framework using the kinetic
theory of phonon gas in the diffusive limit.”®” It means for thick
samples at the diffusive limit (where Ay=1 and Ay=Ayp),
kigpc(Au = 1) = kgisp which is also identical to k., when the Gy, of
Eq. (36) is identical to the Gy of Eq. (6). Moreover, ky, becomes
infinite if Ay =0, because Ay — co. The additional contribution
(1 = Ay)GpanAy to the bulk thermal conductivity kygpc arises from
the hydrodynamical or viscous behavior of the phonon gas in
solid crystals.'”*>*”

Lastly, by combining Egs. (30), (33), and (36), a final expres-
sion can be written relating the effective thermal conductivity k of
a sample with defined properties of phonon energy pair, mixing
parameter, and thickness (€°A, 1/y, L},),

by Gpat AuLy

Ko ) = oA

(37)

Now, comparing this form of the effective thermal conductivity
to the MSFM framework presented in Eq. (20), k = ke = kaieR + kpan-
I and kyppc = kpuik = Kaite + Goa/Aefs Where the equivalent terms can
be identified from Eq. (37), as Kkagt = GoatAuv/@ kpan = Graily
I'= (1 - lu)/[/luLc + (1 - )LU)], and R = /luLc/[/‘LuLc + (l - /IU)]
Note that the additional contribution GpgAcg= (1 —Ay)GpaAy in
kippc is due to the hydrodynamical or viscous behavior of the
phonon gas transmitting through the medium in solid crystals."***’

In the following, the ratio of the effective thermal conductiv-
ity to its bulk value can be found from the following expression:

k 1
A, KN=—-—+-———.
kLBPC( v» Kn) [1+ (1 - Ay)Kn]

(38)

Note that the condition beyond 0 <Ay <1 and 1y <0 is not possi-
ble in the present formulation because the quantity A.¢/Ay would
become either less than zero (if 1y >1) or greater than one (if
Ju<0). However, when the findings of Majumdar” are expressed
in our form, 1 —Ay=4/3 expression can be recovered, and com-
bining it with Eq. (38), the k/k« ratio can be written as

k 1
(5 1 -
®/ Majumdar ] 4 g Kn

Similarly for the gray models,'”" our form recovers 1— 1y =2C,

and by choosing the geometric parameter C = 1, the expression for
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klks becomes

- o)
koo gray 1+ 2Kn

Charting the k/kippc expression outlined in Eq. (38) with
respect to Kn, Fig. 9 presents the solution for differing ballistic
and diffusive extremes (black and red dashed lines, respectively),
an intermediate case of 1/Ay=1.25 (green dashed line), as well as
prior models (gray'’’ and Majumdar’ represented by solid lines).
The discrete simulation datapoints (k/kigpc vs Kn) are not
included in Fig. 9 for clarity and can be found in supplementary
material B: Detailed data (see Table B-II in the supplementary
material for discrete values of Kn and k/kigpc in both Table B-III
and Fig. B-5 in the supplementary material). Note that the
thermal conductivity ratio is constant and equal to unity at the dif-
fusive limit Kn < 1, whereas the ballistic limit is length dependent
and asymptotically goes to zero, as Kn>> 1. The shape of the nor-
malized tendencies of the present and previous models (k/kippc
and k/kpyx vs Kn) may seem similar; however, the reference values
kispc and kyyy are quite different. k. is a function of tempera-
ture only for infinitely long samples at the diffusive limit, whereas
kippc is a function of temperature and diffusive-ballistic mixing
parameters. Therefore, note that kygpc and k. are identical only
for the diffusive process across infinitely long samples.
Considering that the normalized trends are similar, the historic
challenge in estimating accurate conductivity values seems to arise
from an ambiguity in adequately defining ki gpc.

1.2
] —————magpsens=---
0.8
0.6 y
2 ------- \ %‘\
E 0.4 f------ 1/h=1.25 Q)
= |- 1/he—0 R A
1/0=-3, Majumdar .
0.2 r 1/A=-1, Gray model
o Si
Ge
0r o Graphene
A Graphite
_0.2 411l i1 1aiuul 11 uul 11 11iuu
0.0001 0.01 1 100 10000

Kn

FIG. 9. Ratio of thermal conductivity to bulk-like thermal conductivity as a

function of Knudsen
Existing gray'’' and

number at differing values of the mixing parameter.
Majumdar® models are indicated by solid lines (orange

and blue, respectively). Literature data for various materials (Si and Ge from
Refs. 46 and 47, graphene from Refs. 17 and 18, and graphite Ref. 31) are

shown in markers.
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To validate the proposed closure against the existing measure-
ments from the literature, we compile datasets using predicted values
of ko, and Umklapp phonon scattering length, Ay, for various mate-
rials: Si (ko =150 W/mK, Ay=268nm) and Ge (ko, =60 W/mK,
Ay=198nm) from Refs. 46 and 47, graphene (k. =3200 W/mK,
Ay=1700nm) from Refs. 17 and 18, and graphite (k,, =7 W/mK,
Ay=204nm) from Ref 31. Figures B-6(a)-B-6(d) in the
supplementary material chart show the 1/k vs 1/L, data from the lit-
erature for all the materials, along with the best fit curves. Then, the
fits are resampled for discrete values of k and L, and the results are
presented in Fig. 9 with the relevant markers (the exact values are
provided in Table B-IV in the supplementary material).

Evidently, the data from the literature fall between the
bounds of our ballistic-diffusive predictions. The slight potential
deviation in graphene arises from the lack of the exact established
bulk reference value. Then, for each k., and Ay pair, the bulk-like
conductivity, effective MFP and mixing parameters can be com-
puted from the regression (provided in Table B-V in the
supplementary material). All samples indicated 0 <Ay <1, which
reflects the non-diffusive transport nature of these real samples.

F. Heat conduction with jump BCs and steady-state
solution

Having established constitutive relations from LBPC that are
compatible with the MSFM framework, the steady-state heat con-
duction problem can be solved, assuming that the backscattering
length A, in the MSFM is equal to the effective phonon MFP A.¢
in LBPC, ie., Ap=Ag=(1—Ap)Ay and equitable transfer frac-
tions I and R.

Moreover, the steady-state BC jumps are 6(y;) = 6, +16,/2
and O(yr) = Or — I'6,/2, for the left wall and right wall, respec-
tively, where 6,=(0r—0;) and defines the quantity
Orv—60p=(1—-T)0,=RO,. The steady-state problem (in the dis-
crete domain y — y/Ay, L. — L,/Ay) can be represented as

420
e 0, (41)

subjected to the Dirichlet BCs 6(y;) = 6p and (yr) =0y or jump
BCs,

(1 -4y
2

do
<—) +/1U0|}’L = )~U0L and
L

(1—y) (dO
dy 2 (

— A
dy) }’R+ Ugl)’R

= Aubr, (42)

using Ap = Aegr= (1 — Ay)Ay and Ay = Ay/Ay.

These expressions in Eq. (42) represent the jump BC for a
mesoscale heat transfer problem due to transmission and backscat-
tering of the phonon within the medium. Then, the solution for
the temperature 6 is given by

O(y) = Op + (Om 7(913)()/;7)@): 9P+Rm

c c

Au(y = Ym)Op

= O + LTI
e+ (1 =i0)]

(43)
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where 0, = 0, + AOy/2, v = y1 + Lc/2, and L.=(yr—y1). The
length dependent temperature profile within the medium is an
outcome of the reflected/backscattered phonons. The correspond-
ing temperature gradient induced heat flux Q,(y) is given by

k6
Q) = — L—*’ = Quu+Qu (44)

where Q},’d = —kdiff(dG/dy) = —kaitAuOp/[AuL: + (1 — Ay)] is the
diffusive component and Q. = GoaA0 = —(1 — Ay)Gpau0s/
[AuLe + (1 — Ap)] is the ballistic component. The overall diffusive-
ballistic heat flux Q,(y) can be expressed as

_ O kigpciuLe O
Qy(y) = —(kaieR + GpanL.I') L~ oLt oL

(45)
where kigpc = boGpaiAv = boGraiAy/Ay is the bulk thermal conduc-
tivity and k = (GpaiAu/a)R + GballLyr = boGpanL/[AuLe + (1 — Ay)]
is the effective thermal conductivity, which incorporates the effects
from both effective MFP (1 — Ay)Ay and Kn (= 1/4yL.) of the system
after replacing Ay = Ay/iy.

For sample 1, the comparison between temperature profiles
and heat fluxes of the steady state solutions based on the direct
LBPC formulation and the analytical solutions based on the
MSFM in Egs. (43)-(45), are presented in Figs. 10(a) and 10(b),
respectively. The two methods show quantitative consistency
across different diffusive and ballistic regimes, indicating that the
closure parameters are identified and translated in a consistent
manner. Considering that the differential equation of the Fourier
model can be derived from the MSFM framework in the steady
state, this work suggests that the Fourier model, incorporated with
the jump BC and bulk-like thermal conductivity, can be used to
adequately capture the mesoscale effects as well.

IV. DISCUSSION

The results clarify the physical interpretation of effective
thermal conductivity in the ballistic-diffusive regime and the con-
ditions under which mesoscale transport can be represented by
reduced constitutive descriptions. Although ballistic-diffusive
transitions are often parameterized using the Knudsen number
(Kn), the present analysis shows that Kn-based descriptions are
incomplete unless the relevant scattering lengths and their relation
to sample geometry and boundary backscattering are explicitly
considered. Away from the diffusive and infinite sample size limit,
the effective thermal conductivity is, therefore, not an intrinsic
bulk material property; it is a system-level response governed by
resistive scattering, finite thickness, and induced backscattering.

A central outcome of this study is an analytical decomposi-
tion of the heat flux within the extended MSFM framework into
ballistic and diffusive contributions, which provides a transparent
mesoscale description of the net transport as the superposition of
forward-propagating and backscattered phonons. While flux-based
descriptions exist in earlier MSFM models, the present contribu-
tion is a mesoscale thermal law through which these contributions
are expressed in terms of ballistic thermal conductance, backscat-
tering length, sample size, and bulk-like thermal conductivity.
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FIG. 10. LBPC formulation (dotted with markers) and MSFM derived analytical
expressions [provided in Egs. (45)-(47)] (indicated in solid lines) comparison,
using steady-state distributions of (a) temperature and (b) heat fluxes of mate-
rial type sample 1 for a size of L,=100Ay, considering a range of mixing
parameters.

LBPC plays a complementary role by providing an indepen-
dent route to identify the closure parameters required by the
MSEM. Systematic steady-state LBPC thickness sweeps yield tem-
perature fields and heat fluxes from which an effective phonon
MFP and an LBPC-defined bulk-like thermal conductivity are
extracted through the conductivity vs thickness regression. The
collapse of the normalized thermal-conductivity results from the
present LBPC simulations, existing models, and representative lit-
erature data for silicon, germanium, graphene, and graphite onto a
common trend supports the applicability of the identified closure
parameters over the range examined. Using this regression to close
the MSFM relations provides an opportunity to reduce the degrees
of freedom in the model.
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Within this closed framework, the MSFM backscattering by A parameter defined as
length can be interpreted as an effective resistive (attenuation) by = apla =Ayla+ (1 —Ay) = 0544y + (1 — Ay)
length governing ballistic-diffusive mixing in finite domains. This BY A factor defined as )
interpretation explains why effective thermal conductivity depends B = —ehi (P — 1) = DAZI0B,€?
primarily on scattering length to thickness scaling and why con- = —A7(1+ A7)
ductivity curves organized solely by Kn do not generally collapse c Speed of the lattice Boltzmann method (LBM) code,
when the underlying resistive length scales and boundary back- ¢ =g in the present consideration
scattering differ across materials maintained at different tempera- C; Velocity vector connecting the lattice node at r with
tures (i.e., dissimilar DOS for phonons). the neighboring node at r + ¢;At’
More broadly, the results clarify why classical continuum clo- Cy Specific heat (J/m*K), Cy = 9e/0T = 16JT8/ Vg
sures (analytical frameworks such as Fourier, CV, DPL, and GK) C, Specific heat equivalence in LBPC (n,kp),
are inadequate in regimes where boundary scattering and nonlo- C, =4b,(1 — dleff\)npkg
cality are significant, considering that they rely on bulk transport DdQgq Configuration of LBM with lattice having d-dimen-
coefficients, defined in the diffusive infinite sample size limit, and sions and g-points, such as D3Q19
do not explicitly account for mesoscale effects in their original d Derivative
form. In contrast, the MSFM-LBPC framework retains the kinetic D Density of states, for phonons D(¢) = 12z¢?/ (hvg)3
information needed to construct such a closure while remaining Dpp, Phonon diffusivity, Dy, = Abv;’/Z (traditionally
analytically tractable and computationally efficient. Ayv,/3)
e(r, t) Energy density (J/m?), e = (q*—i—q’)/v;r:CVT
V. CONCLUSIONS € Direction in LBM formulation
_ 3
We developed a closed mesoscale constitutive description for E,,(r’ £) T.otal energy dengtx mn .LBPC [(n.P ksTo), J/m’]
c o e . f Single phonon distribution function
ballistic-diffusive heat transport by extending the McKelvey- . Lo i .
- - R ; Directional phonon number distribution function
Shockley Flux Method (MSFM), deriving an explicit ballistic—diffu- o o . L
. o - o . fi Directional postcollision phonon number distribu-
sive flux decomposition, and identifying the required closure ! . . 3
A . tion function [(n,), 1/m”]
parameters: a ballistic thermal conductance, an effective backscatter- . s . . .
; . .. . f(x) Function of variable x while fitting numerical data
ing length, and a bulk-like thermal conductivity. The ballistic . . 2
.o . . Gy Ballistic thermal conductance per unit area (W/m
thermal conductance is dictated by material properties. The back- K), Go = Cyv?/2 — Cyv,/d
: . : » Go = Cyv, /2 = Cyvg
scattering length, which governs the dynamics of the transport, and G Equivalence of Gy in LBPC (vg,kp),

the bulk-like thermal conductivity are modeled by a new framework
based on independent steady-state Lattice-Boltzmann—Peierls—
Callaway (LBPC) simulations for different materials, thicknesses,
and ballistic—diffusive mixing parameters. Then, the MSFM vyields a
closed mesoscale thermal law, for a given Knudsen number.

Gball = bl(l — dle%)vgnpkB = vag/4

h Planck’s constant (J s)

k Phonon wave vector with magnitude k

k Thermal conductivity [(veAynykg), W/mK], k=
CyDyh, = Gy, (traditionally Go4Ay/3)

kg Boltzmann constant (J/K)
SUPPLEMENTARY MATERIAL Kn Knudsen number, defined as Kn = Ay/L, = 1/A¢L,
See the supplementary material for details on (a) models of L, Length of the sample in the y direction in the unit of
MSFM and LBPC, and (b) data and plots in SUPPLEMENTARY Ay, L. = L,/Ay
A: MODELS and SUPPLEMENTARY B: DETAILED DATA, Ly L, L, Length of the sample in X, y, and z directions,
respectively. respectively
M Atomic or molecular mass
ACKNOWLEDGMENTS np Phonon density, n, = N,/V = Nap,,/M (1/m?)
This presents research effort has received funding from the Ny Total nurflber of phonons in volume V
. . Ny, Avogadro’s number
European Research Council (ERC) under the European Union’s
P Phonon momentum, hk
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Agreement No 853096—ThermoTON). The LBPC code is devel- Pi Directional phonon momentum with magnitude p,

oped as a modification of Tony Ladd’s Su.sp3.>D123 (a hybrid MD P(r, 1 %otalij omentum density [(n,ksTo/v,), N s/m’]
and LB software package under GNU public license) by J. Lee and PN A §
AK Roy‘&g q Heat. flux (W/m®), g=¢q —2q
dm Maximum heat flux (W/m~)
q Directional heat flux, g* = GoT*
NOMENCLATURE Q(r, t) Normalized heat flux, g/q,,
A7 Directional equilibrium distribution function, Q,(r, t) Total heat flux obtained in LBPC (vgn,kgT,)
A7 =1/ (ePof — 1) Qyu(r, 1) Maximum heat flux obtained in LBPC (vgn,kzTo)
a Numerical value, a = 1.79 = 9/5 R Reflection fraction within materials due to backscat-
ag A parameter defined as ap=Ap+a(l —Ay) =4y + tering, R=1-T =L, /(Ay + L)
1.79(1 — Ap) r Central node at r in LBM
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Ar Neighbor node of r connected via r+c;At’ in LBM,
AT,‘ = CiAt/

t Time (s)

At Time step in LBM

AY Update time of f7 in the unit of At
At' = (Vg/o)At = At/(1 + o)

T(r, t) Temperature (K)

T* Directional temperature, T =q* /G,

Ty Initial temperature (K)

u(t, r) Local drifting velocity conjugate to the crystal
momentum hk

u(r, t) Perturbation of phonon drift velocity,
u(r, t) = (u(r, t) — up)/vg

Vg Intrinsic group velocity of the LA phonon (m/s),
vg = ¢lp

Vek Group velocity of phonon with polarization &

Vi Directional group velocity of the polarized phonon,
Vgg = V(ra'

Ve Magnitude ofvzg, Ve = /(1 +0)

ngf Thermal speed of pflonons (m/s),
v;f:1 /Dpnltq = vg/2 (traditionally vg/ V3)

\% Volume of the domain considered (m®), V= L.L,L,

X, ) Z Cartesian coordinates

Ax, Ay, Az Lattice spacing in LBM in x, y, and z directions,
respectively, Ax = Ay = Az=cAt

z; Square of length of directional vector €, z; = |E}|2

VA Valency of the atom or molecule

GCreek letters

0

]
Br, )
r

o0 >

O(r, t)

> > >

b

0-6
OsB

Tv
7Q

Deviational

Partial derivative

Local temperature, 1/kgT

Transmission fraction within the material due to trans-
mission, I' = Ap/(Ap + L)

Difference

Intrinsic phonon energy

Energy of polarized phonon,

€7 = €/(1 4 0) = ze/(1 +0)

Perturbations of the temperature

Bo =PV = (T(r, t) — To)/ Ty

Mixing parameters, Ayin) = Ay/Au

Mean free path (m), A = v,

Backscattering length (m), A, = rhv; =1qV, (traditionally
4Ay/3)

Length set for the closure and sensitivity analysis of
parameters

Density of material (kg/m3)

Polarization index of phonon, 0 for LA and 1 TA
phonons

Electrical conductivity of conductors, g, = n,.€2z,/m,
Stefan-Boltzmann constant (W/m*K*), ogp = n5k§/5h3v§
Relaxation time (s)

Backscattering time (s), 7, = Ap/ v;r (traditionally 87(/3)
Thermal relaxation time (s), 7q = A;,/Zv;f (traditionally
4tu/ 3)

Angular frequency (Hz)

(v
w;

h

ARTICLE pubs.aip.org/aip/jap

Directional weight factor such that f{;" = w7A?
Planck’s modified constant (J s/rad)

Subscripts and superscript

Bar indicates the mean value

0 Initial value, ballistic value

I At diffusive limit

o Polarization index of phonon, 0 for LA and 1 TA
phonons

A Acoustic

ball Ballistic limit

BE Bose-Einstein

bulk Bulk

b Ballistic

c Combined

d Diffused, displaced

diff Diffusive limit

err Error

eq Equilibrium

eff Effective

fit Fitted

g Group

i ith direction in LBM, ith grid point y direction

L Left

m, max Maximum

min Minimum

Mean Mean or average value

N Normal

(¢} Optical

p> ph Phonon

pre Predicted

R Right

RE Residual/relative error

test Tested

U Umklapp

w Window

y y direction

Abbreviations

BPC
BTE
CcvV
DPL
GK
LA
LBM

Boltzmann-Peierls—Callaway equation
Boltzmann transport equation
Cattaneo and Vernotte

Dual-phase lag

Guyer-Krumbhansl

Longitudinal acoustic

Lattice Boltzmann method

LBPC  Lattice Boltzmann-Peierls-Callaway equation

MFP Mean free path

MSFM  McKelvey-Shockley flux method
RE Relative error

TA Transversal acoustic
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